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Abstract
Given a finitely generated amenable group 𝐻 satisfying some mild assumptions, we relate

isoperimetric profiles of the lampshuffler group Shuffler(𝐻 ) = FSym(𝐻 ) ⋊ 𝐻 to those of 𝐻 . Our
results are sharp for all exponential growth groups forwhich isoperimetric profiles are known, in-
cluding Brieussel-Zheng groups. This refines previous estimates obtained by Erschler and Zheng
and by Saloff-Coste and Zheng.
The most difficult part is to find an optimal upper bound, and our strategy consists in finding

suitable lamplighter subgraphs in lampshufflers. This novelty applies more generally for many
examples of halo products, a class of groups introduced recently by Genevois and Tessera as a
natural generalisation of wreath products.
Lastly, we also give applications of our estimates on isoperimetric profiles to the existence

problem of regular maps between such groups.
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1. INTRODUCTION

It is a recurrent theme in geometric group theory to understand the collection of all maps be-
tween two given finitely generated groups that are compatible with their large-scale geometries.
Such collections include for instance quasi-isometries, coarse embeddings, and more generally
regular maps. The motivation behind this program is that the large-scale geometry of a group is
in fact deeply related to its algebraic structure.
Several milestones have been achieved in the study of the quasi-isometries of many classes

of groups, among which abelian free groups, lamplighters over virtually cyclic groups and other
SOL-like groups [EFW12; EFW13], Baumslag-Solitar groups [FM98; FM99; Why01], or lamp-
lighters over one-ended groups [GT24b].
If one rather wants to exclude the existence of such maps between some spaces, an efficient

strategy is to use invariants, or even monotonuous quantities, that are computable in practice.
Numerous invariants have been introduced for quasi-isometries, including the isoperimetric
profiles which are monotonuous under regular maps, see [DKLMT22]. We refer the reader to
Section 6 for other examples of invariants (asymptotic dimension, volume growth).
The aimof the paper is to compute isoperimetric profiles of lampshufflers, andmore generally

of the so-called halo products introduced in [GT24a].
Isoperimetric profiles and Følner functions. For a finitely generated group𝐺 with a finite gen-
erating set 𝑆𝐺 , and given 𝑝 ≥ 1, its ℓ𝑝-isoperimetric profile is the function 𝑗𝑝,𝐺 : ℕ −→ ℝ+ given
by

𝑗𝑝,𝐺 (𝑛) ··= sup
𝑓 : 𝐺→ℝ+
|supp 𝑓 | ≤𝑛

∥ 𝑓 ∥𝑝
∥∇𝑓 ∥𝑝

where the support of 𝑓 : 𝐺 −→ ℝ+ is supp 𝑓 ··= {𝑔 ∈ 𝐺 : 𝑓 (𝑔 ) ≠ 0} and the ℓ𝑝-norm of its gradient
is defined by

∥∇𝑓 ∥𝑝𝑝 ··=
∑︁

𝑔 ∈𝐺, 𝑠 ∈𝑆𝐺
| 𝑓 (𝑔 ) − 𝑓 (𝑔 𝑠 ) |𝑝 .

Remark 1.1. We warn the reader that many authors introduce the ℓ𝑝-isoperimetric profile with
∥ · ∥𝑝𝑝 instead of ∥ · ∥𝑝 in the definition, so their ℓ𝑝-isoperimetric profile is 𝑗𝑝,𝐺 (𝑥)𝑝 with our con-
ventions.

The ℓ𝑝-isoperimetric profile of a group 𝐺 is the generalised inverse of its ℓ𝑝-Følner function
Føl𝑝,𝐺 : ℕ −→ ℝ+, defined as

Føl𝑝,𝐺 (𝑛) ··= inf

{
|supp 𝑓 | :

∥∇𝑓 ∥𝑝
∥ 𝑓 ∥𝑝

≤ 1

𝑛

}
.

In the case 𝑝 = 1, these functions are simply called isoperimetric profile and Følner function,
and have a simpler definition (up to asymptotic behaviour), namely

𝑗1,𝐺 (𝑛) ··= sup
|𝐴 | ≤𝑛

|𝐴 |
|𝜕𝐺𝐴 |

and Føl𝐺 (𝑛) ··= inf

{
|𝐴 | : |𝜕𝐺𝐴 ||𝐴 | ≤ 1

𝑛

}
,
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where 𝜕𝐺𝐴 ··= 𝐴𝑆𝐺 \ 𝐴 = {𝑔 ∈ 𝐺 \ 𝐴 : ∃𝑠 ∈ 𝑆𝐺 ,∃ℎ ∈ 𝐴, 𝑔 = ℎ𝑠 } is the boundary of 𝐴 in𝐺 . Note that
we only find the ℓ1-Følner function in the literature. In this paper we introduce themore general
ℓ𝑝 versions for 𝑝 ≥ 1.
Without loss of generality, wemay and do assume that the ℓ𝑝-isoperimetric profile and the ℓ𝑝-

Følner function are real inverses of each other, andnot only generalised inverses; see Remark 2.1.
Notice that the ℓ𝑝-isoperimetric profile of a finitely generated group is bounded if and only

if the group is not amenable. Therefore, we will only be interested in ℓ𝑝-isoperimetric profiles
of amenable groups. The asymptotic behaviour of the ℓ𝑝-isoperimetric profile is, somehow, a
measurement of its amenability; the faster it goes to infinity, the "more amenable" the group is.
Among amenable groups, the ℓ𝑝-isoperimetric profile (or equivalently the ℓ𝑝-Følner function)

has been computed for many finitely generated groups. Given 𝑝 ≥ 1, we have for instance:
• 𝑗𝑝,𝐺 (𝑛) ≃ 𝑛

1
𝑑 if𝐺 has polynomial growth of degree 𝑑 ≥ 1;

• 𝑗𝑝,𝐺 (𝑛) ≃ ln(𝑛) for𝐺 = BS(1, 𝑘 ) for 𝑘 ≥ 2, or𝐺 = 𝐹 ≀ℤ, where 𝐹 is a non-trivial finite group;
• 𝑗𝑝,𝐺 (𝑛) ≃ ln(𝑛) for any polycyclic group𝐺 with exponential growth [Pit95;Pit00], ormore
generally any exponential growth group within the class GES of Tessera [Tes13];

• 𝑗𝑝,𝐹 ≀𝑁 (𝑛) ≃ (ln(𝑛)) 1
𝑑 with𝐹 finite, and𝑁 havingpolynomial growthofdegree𝑑 ≥ 1 [Ers03];

• for any non-decreasing function 𝑓 : ℝ+ −→ ℝ+ such that 𝑥 ↦−→ 𝑥
𝑓 (𝑥 ) is non-decreasing,

Brieussel and Zheng constructed in [BZ21] a finitely generated group𝐻 with exponential
volume growthhaving isoperimetric profile 𝑗𝑝,𝐻 (𝑥) ≃ ln(𝑥 )

𝑓 (ln(𝑥 ) ) ; wewill refer to such a group
as a Brieussel-Zheng’s group.

In fact, isoperimetric profiles and Følner functions have been studied in the more general
framework of bounded degree graphs; see Section 2 for details. For now, let us simply men-
tion that, in this setup, Erschler’s estimates for ℓ1-Følner functions of lamplighter graphs [Ers03;
Ers06] will be a key ingredient in our strategy (see Section 4.2).
It is a well-known fact that if𝑝 > 𝑞 , then 𝑗𝑝,𝐺 (𝑥) ≼ 𝑗𝑞,𝐺 (𝑥), see Lemma 4.3. Moreover, a stronger

phenomenon is conjectured: 𝑗𝑝,𝐺 (𝑥) ≃ 𝑗𝑞,𝐺 (𝑥) for all 𝑝, 𝑞 ≥ 1.

Lampshuffler groups. As a starting point of our work, let us first focus on lampshuffler groups.
Later in the introduction, we will present the more general notion of halo products, constructed
in a similar way to wreath products (as lampshufflers).
Given a group𝐻 , the lampshuffler group over𝐻 is the semi-direct product

Shuffler(𝐻 ) ··= FSym(𝐻 ) ⋊𝐻
where FSym(𝐻 ) is the group of finitely supported bijections 𝐻 −→ 𝐻 , and where 𝐻 acts on the
latter as (ℎ · 𝜎) (𝑥) ··= ℎ𝜎 (ℎ−1𝑥). These groups already appeared several times in the literature,
in relations with many topics of interest in group theory, see for instance [Yad09; HO16; BZ19;
EZ21; SCZ21;GT24a; Sil24].
Let us first present what is known about profiles of lampshufflers and our results for this class

of groups.
Isoperimetric profiles of lampshufflers. In [SCZ21], Saloff-Coste and Zheng establish a general
lower bound on 𝑗𝑝,Shuffler(𝐻 ) for a finitely generated group𝐻 , of the form

𝑗𝑝,𝐻

(
ln(𝑥)

ln(ln(𝑥))

)
≼ 𝑗𝑝,Shuffler(𝐻 ) (𝑥).

Their proof will be useful since we will present a natural generalisation for halo products, see
Corollary 5.6.
From [SCZ21], we also know upper bounds on 𝑗𝑝,Shuffler(𝐻 ) for general groups 𝐻 , and [EZ21]

provides a lower bound on Føl1,Shuffler(𝐻 ) , equivalently an upper bound on 𝑗1,Shuffler(𝐻 ) .
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Theorem 1.2 ([SCZ21]). Let 𝐻 be a finitely generated group, with a finite generating set 𝑆𝐻 . For
𝑝 = 1, 2, we have

𝑗𝑝,Shuffler(𝐻 ) (𝑥) ≼ 𝑉 −1
𝐻 ,𝑆𝐻

(
ln(𝑥)

ln(ln(𝑥))

)
.

Here,𝑉𝐻 ,𝑆𝐻 refers to the growth function of𝐻 with respect to the finite generating set 𝑆𝐻 . Note
that the statement in their paper appears with an exponent𝑝 , since we do not use the same con-
vention; see Remark 1.1.

Theorem 1.3 ([EZ21]). Let 𝐻 be a finitely generated group, with a finite generating set 𝑆𝐻 . Then,
we have

Føl1,Shuffler(𝐻 ) (𝑥) ≽ 𝑉𝐻 ,𝑆𝐻 (𝑥)𝑉𝐻 ,𝑆𝐻 (𝑥 ) .

From these theorems, one can deduce for instance the isoperimetric profile of lampshufflers
over polynomial growth groups:

𝑗1,Shuffler(𝐻 ) (𝑥) ≃
(

ln(𝑥)
ln(ln(𝑥))

) 1
𝑑

,

when𝐻 has polynomial growth of degree 𝑑 ≥ 1.
For many groups, the lower and upper bounds provided by these results are not the same, so

they do not provide precise estimates on the isoperimetric profiles of lampshufflers. Theorem A
below provides finer estimates. It is in fact an application of Corollary F, that we deduce from
TheoremE, stated in themore general context of halo products. Before defining these groups, let
us focus on lampshufflers and the consequences of Theorem A.
In our statements, saying that 𝑗𝑝,𝐻 satisfies Assumption (★) means that 𝑗𝑝,𝐻 (𝐶𝑥) = 𝑂 (𝑗𝑝,𝐻 (𝑥))

for any𝐶 > 0.

Theorem A (see Corollary 5.7). Let 𝑝 ≥ 1. Let𝐻 be a finitely generated amenable group whose ℓ𝑝-
isoperimetric profile 𝑗𝑝,𝐻 satisfies Assumption (★). Then, the ℓ𝑝-isoperimetric profile 𝑗𝑝,Shuffler(𝐻 ) of
Shuffler(𝐻 ) satisfies

𝑗𝑝,𝐻

(
ln(𝑥)

ln(ln(𝑥))

)
≼ 𝑗𝑝,Shuffler(𝐻 ) (𝑥) ≼ 𝑗1,𝐻 (ln(𝑥)).

Assumption (★) already appeared several times in the literature, see e.g. [Ers03;Corr24] for the
case𝑝 = 1, anddoes not seem tobe restrictive. In fact, to our knowledge, there is no knownexam-
ple of a finitely generated amenable group whose isoperimetric profiles do not satisfy Assump-
tion (★). For instance, it is easy to check that Brieussel-Zheng’s groups satisfy this assumption
(see [Corr24]), as well as all the examples of isoperimetric profiles wementioned above.
An immediate consequence of Theorem A is the next statement.

Corollary B. Let𝑝 ≥ 1. Let𝐻 beafinitely generatedamenable groupwhose ℓ𝑝-isoperimetricprofile
𝑗𝑝,𝐻 satisfies Assumption (★). Assumemoreover that

𝑗𝑝,𝐻

(
ln(𝑥)

ln(ln(𝑥))

)
≃ 𝑗𝑝,𝐻 (ln(𝑥)) and 𝑗𝑝,𝐻 (𝑥) ≃ 𝑗1,𝐻 (𝑥).

Then one has
𝑗𝑝,Shuffler(𝐻 ) (𝑥) ≃ 𝑗𝑝,𝐻 (ln(𝑥)).

In practice, this result applies for many groups having slow enough profiles, for instance solv-
able Baumslag-Solitar groups BS(1, 𝑛), lamplighters overℤ𝑑 , or polycyclic groups with exponen-
tial growth. In particular, for the latter class, we recover [SCZ21].

Remark 1.4. Corollary B implies that, if the ℓ𝑝-isoperimetric profiles (for 𝑝 ≥ 1) of𝐻 all have the
same asymptotic behaviour, then the same holds for Shuffler(𝐻 ), under mild assumptions on𝐻 .
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One class of groups for which estimates from [EZ21] and from [SCZ21] are not optimal is the
one of iterated lampshufflers, defined inductively by Shuffler◦𝑛 (𝐻 ) ··= Shuffler(Shuffler◦𝑛−1(𝐻 )) if
𝑛 ≥ 1 and Shuffler◦0(𝐻 ) ··= 𝐻 . It turns out that iterations of Theorem A yield finer estimates, that
we record in the two following statements.

Proposition C (see Proposition 5.12). Let𝐻 be a finitely generated group of polynomial growth of
degree 𝑑 ≥ 1. Then one has

𝑗𝑝,Shuffler◦𝑛 (𝐻 ) (𝑥) ≃
(

ln◦𝑛 (𝑥)
ln◦(𝑛+1) (𝑥)

) 1
𝑑

for any integer 𝑛 ≥ 1 and any real number 𝑝 ≥ 1.

Proposition D (see Proposition 5.11). Let 𝑝 ≥ 1. Let 𝐻 be a finitely generated amenable group
whose ℓ𝑝-isoperimetric profile 𝑗𝑝,𝐻 satisfies Assumption (★). Suppose that

𝑗𝑝,𝐻

(
ln(𝑥)

ln(ln(𝑥))

)
≃ 𝑗𝑝,𝐻 (ln(𝑥)) and 𝑗𝑝,𝐻 (𝑥) ≃ 𝑗1,𝐻 (𝑥).

Then, we have
𝑗𝑝,Shuffler◦𝑛 (𝐻 ) (𝑥) ≃ 𝑗𝑝,𝐻 (ln◦𝑛 (𝑥))

for all 𝑛 ≥ 0.

Halo products. In [GT24a], Genevois and Tessera introduced a general class of groups, called
halo products, as a natural generalisation of wreath products. This class encompasses lampshuf-
flers, lampjugglers and lampcloners, and constitutes the suitable framework for our main result
Theorem E.

Definition 1.5. Let 𝑋 be a set. A halo of groupsℒ over 𝑋 is the data, for any subset 𝑆 ⊂ 𝑋 , of a
group 𝐿 (𝑆) such that:

• for all 𝑅, 𝑆 ⊂ 𝑋 , if 𝑅 ⊂ 𝑆 then 𝐿 (𝑅) ⩽ 𝐿 (𝑆);
• 𝐿 (∅) = {1} and 𝐿 (𝑋 ) = ⟨𝐿 (𝑆) : 𝑆 ⊂ 𝑋 finite⟩;
• for all 𝑅, 𝑆 ⊂ 𝑋 , 𝐿 (𝑅 ∩ 𝑆) = 𝐿 (𝑅) ∩ 𝐿 (𝑆).

Given an action𝐻 ↷ 𝑋 and amorphism 𝛼 : 𝐻 −→ Aut(𝐿 (𝑋 )) satisfying 𝛼 (ℎ) (𝐿 (𝑆)) = 𝐿 (ℎ𝑆) for
any 𝑆 ⊂ 𝑋 and ℎ ∈ 𝐻 , the permutational halo product ℒ𝑋 ,𝛼𝑋 is the semi-direct product

ℒ𝑋 ,𝛼𝐻 ··= 𝐿 (𝑋 ) ⋊𝛼 𝐻 .
In this paper, we focus on the case 𝑋 =𝐻 . As mentioned, examples of halo products include

• wreath products 𝐹 ≀𝐻 = (
⊕

𝐻 𝐹 ) ⋊𝐻 , for which 𝐿 (𝑆) =
⊕

𝑆 𝐹 ;
• lampshufflers Shuffler(𝐻 ) = FSym(𝐻 ) ⋊𝐻 , for which 𝐿 (𝑆) = FSym(𝑆),

andmany other examples are introduced and studied in [GT24a], such as
• lampjugglers Shuffler𝑠 (𝐻 ) = FSym(𝐻 × {1, . . . , 𝑠 }) ⋊ 𝐻 , with an integer 𝑠 ≥ 1, for which
𝐿 (𝑆) = FSym(𝑆 × {1, . . . , 𝑠 });

• lampcloners Cloner𝕗 (𝐻 ) = FGL(𝐻 ) ⋊𝐻 , with a field 𝕗 , for which 𝐿 (𝑆) = FGL(𝑆);
• lampdesigners Designer𝐹 (𝐻 ) = (𝐹 ≀𝐻 FSym(𝐻 )) ⋊ 𝐻 , with a non-trivial finite group 𝐹 , for
which 𝐿 (𝑆) = 𝐹 ≀𝑆 FSym(𝑆),

where 𝑆 denotes any subset of 𝐻 . Here, FGL(𝐻 ) denotes the group of linear automorphisms of
the abstract 𝕗-vector space𝑉𝐻 admitting𝐻 as a basis, fixing all but finitelymanybasis vectors. We
refer the reader to Section 3 for more details.
Themotivation in [GT24a] to introduce such a general framework is that the semi-direct prod-

uct structure provides a foliation of these spaces that must be, if 𝐻 satisfies additional mild as-
sumptions, "quasi-preserved" by quasi-isometries, allowing the authors to show strong rigidity
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phenomena for quasi-isometries between such spaces, and thus extending the classification al-
ready obtained in [GT24b].

Isoperimetric profiles of halo products. In this paper, our aim is to show that the halo structure
is also particularly well-suited for tracking isoperimetric profiles of these groups. Namely, we
prove the following two estimates on their Følner functions. The terminologies and notations
are explained just after the statement.

Theorem E (see Proposition 4.1 and Theorem 4.2). Let 𝑝 ≥ 1. Let 𝐻 be a finitely generated
amenable group and let 𝑆𝐻 be a finite generating set of 𝐻 . Letℒ𝐻 be a naturally generated halo
product over𝐻 .

(i) Ifℒ𝐻 is large-scale commutative and has finitely generated blocks, then for any 𝑠0 ∈ 𝑆𝐻 ,
there exists a constant𝐶 > 0 such that(

Føl𝐿 ({1𝐻 ,𝑠0}) (𝑥)
)𝐶Føl𝐻 (𝑥 ) ≼ Føl𝑝,ℒ𝐻 (𝑥).

(ii) Ifℒ𝐻 has consistent blocks, then there exists a constant𝐶 > 0 such that
Føl𝑝,ℒ𝐻 (𝑥) ≼ Føl𝑝,𝐻 (𝑥) · Λℒ𝐻 (𝐶 · Føl𝑝,𝐻 (𝑥)).

A halo productℒ𝐻 has finite (resp. finitely generated) blocks if 𝐿 (𝑆) is finite (resp. finitely gen-
erated) for any finite subset 𝑆 ⊂ 𝐻 , andℒ𝐻 has consistent blocks if its blocks are finite andmore-
over the cardinality of 𝐿 (𝑆) only depends on |𝑆 |. This assumption allows to define, as in [GT24a],
a function Λℒ𝐻 : ℕ −→ ℕ sending any 𝑛 ∈ ℕ to |𝐿 (𝑆) | where |𝑆 | = 𝑛, called the lamp growth
sequence ofℒ𝐻 .
Moreover,ℒ𝐻 is large-scale commutative if there is 𝐷 ≥ 0 such that for any subsets 𝑅, 𝑆 ⊂ 𝐻

that are at least 𝐷 far apart in 𝐻 , 𝐿 (𝑅) and 𝐿 (𝑆) commute in 𝐿 (𝐻 ). Such a notion has been in-
troduced in [GT24a] as a key assumption to understand the general form of quasi-isometries be-
tween halo groups. Lastly,ℒ𝐻 is naturally generated if it admits the natural and simplest gener-
ating set that we can imagine for a halo product, in view of the classical finite generating sets for
lamplighters and lampshufflers.
For instance, a lamplighter 𝐹 ≀ 𝐻 and a lampshuffler Shuffler(𝐻 ) are large-scale commutative

(with𝐷 = 0 for 𝐹 ≀ 𝐻 ,𝐷 = 1 for Shuffler(𝐻 )), are naturally generated, and have consistent blocks,
with lamp growth sequences given by

Λ𝐹 ≀𝐻 (𝑛) = |𝐹 |𝑛 and ΛShuffler(𝐻 ) (𝑛) = 𝑛!.

Towards the proof of Theorem E. The lower bound is a direct computation, presented in Sec-
tion 4.1, and inspired from the computations in the proof of [SCZ21] in the case of lampshufflers.
We exhibit an explicit sequence of almost invariant functionsℒ𝐻 −→ ℝ fromone such sequence
of 𝐻 . Namely, a sequence ( 𝑓𝑛)𝑛∈ℕ of functions 𝐻 −→ ℝ, realising the ℓ𝑝-isoperimetric profile of
𝐻 (or equivalently its ℓ𝑝-Følner function), gives rise to a sequence (𝑔𝑛)𝑛∈ℕ forℒ𝐻 , defined by

𝑔𝑛 : ℒ𝐻 −→ ℝ

(𝜎,ℎ) ↦−→ 𝑓𝑛 (ℎ) · 1𝜎∈𝐿 (𝑉𝑛 )
with𝑉𝑛 ··=

⋃
𝑠 ∈𝑆𝐻 (supp 𝑓𝑛)𝑠 . This naturally provides a lower bound for the ℓ𝑝-isoperimetric profile

ofℒ𝐻 .
The technical part is on the upper bound, and Section 4.2 provides such a bound in a general

situation. In theparticular caseof lampshufflers, a strategy,well-known to the experts, consists in
finding a "good" lamplighter subgroupof Shuffler(𝐻 ), in the sense that this lamplighter should be
based on a subgroup 𝐾 of𝐻 which is quasi-isometric to𝐻 , or at least has the same isoperimetric
profile. For this, [Sil24] is helpful. We may refer the reader to Appendix A where the aforemen-
tionedmethod is presented and is instructive for the sequel. The upper bound then follows from
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the monotonicity of the ℓ𝑝-isoperimetric profile when passing to finitely generated subgroups.
Finding such lamplighter subgroups requires some algebraic assumptions on the base group,
such as being non perfect or non co-Hopfian. Such classes of groups provide, at first glance, a
nice framework (see Remark A.6 and Proposition A.7) and encompass alreadymany classical ex-
amples (e.g. all solvable groups).

Remark 1.6. Notice that many halo products (lampjugglers Shuffler𝑠 (𝐻 ) with 𝑠 ≥ 2, lampdesign-
ersDesigner𝐹 (𝐻 ) and lampcloners Cloner𝕗 (𝐻 )) still contain a lamplighter based on𝐻 (we explain
it in Section 3.1, after the definition of lampcloners). On the other hand, there exist examples,
other than lampshufflers, which do not contain a "good" lamplighter as a subgroup a priori. In
this paper, we exhibit such examples that we call lampupcloners, which do not consider matri-
ces (as lampcloners do) but upper triangular matrices with diagonal entries equal to 1. The base
groupmust be ordered for "upper triangular" to have a propermeaning and wewill assume that
the order is total. In this paper, we will focus on the case𝐻 = ℤ𝑑 with the lexicographic order.

The goal is to find another strategy for the lampshufflers or other halo products which do not
contain a "good" lamplighter as a subgroup. Nonetheless, for these specific cases, the idea of
finding substructures still remains fruitful. In Section 4.2, we therefore make use of the more
general notion of lamplighter graphs, that turn out to appear naturally in halo products as sub-
graphs. Large-scale commutativitywill be a key ingredient sinceweneed configurationsof lamps
to commute. In the particular case of lampshufflers, this novelty has the advantage, compared to
Appendix A, of requiring no assumptions on the base group𝐻 . We then conclude by establishing
themonotonicity of the Følner function when passing to such subgraphs, in a similarmanner as
in [Ers03].

Consequences of Theorem E. We first deduce from Theorem E that, if ℒ𝐻 is large-scale com-
mutative, is naturally generated and has consistent blocks, then for every 𝑝 ≥ 1, its ℓ𝑝-Følner
function satisfies

𝐾 Føl𝐻 (𝑥 ) ≼ Føl𝑝,ℒ𝐻 (𝑥) ≼ Føl𝑝,𝐻 (𝑥) · Λℒ𝐻 (𝐶 · Føl𝑝,𝐻 (𝑥))
for some positive constants𝐶 , 𝐾 > 0.
Now, in terms of isoperimetric profiles, themain result is the following.

Corollary F (see Corollaries 5.5 and 5.6). Let 𝑝 ≥ 1. Let𝐻 be a finitely generated amenable group
whose ℓ𝑝-isoperimetric profile 𝑗𝑝,𝐻 satisfies Assumption (★). Letℒ𝐻 be a naturally generated halo
product over𝐻 , having finite blocks.

(i) Ifℒ𝐻 is large-scale commutative, then we have
𝑗𝑝,ℒ𝐻 (𝑥) ≼ 𝑗1,𝐻 (ln(𝑥)).

(ii) Ifℒ𝐻 has consistent blocks, then we have
𝑗𝑝,ℒ𝐻 (𝑥) ≽ 𝑗𝑝,𝐻 (𝜑−1(𝑥))

where 𝜑 (𝑥) = 𝑥 · Λℒ𝐻 (𝑥) and where Λℒ𝐻 is the lamp growth sequence ofℒ𝐻 .

We then deduce Theorem A from this corollary. This result also implies that the isoperimetric
profiles of lampjugglers and lampdesigners behave as the isoperimetric profiles of lampshufflers.

Corollary G (see Corollaries 5.7 and 5.15). Theorem A also holds for lampjugglers and lampde-
signers. Moreover, if𝐻 has polynomial growth of degree 𝑑 ≥ 1, we have

𝑗𝑝,Shuffler𝑠 (𝐻 ) (𝑥) ≃ 𝑗𝑝,Designer𝐹 (𝐻 ) (𝑥) ≃
(

ln(𝑥)
ln(ln(𝑥))

) 1
𝑑

,

for any 𝑠 ≥ 1, any real number𝑝 ≥ 1 and any non-trivial finite group 𝐹 , similarly to lampshufflers.
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Finally, let us also illustrate Corollary F with lampcloners.

Corollary H (see Corollary 5.16). Let 𝑝 ≥ 1. Let𝐻 be a finitely generated amenable group, whose
ℓ𝑝-isoperimetric profile 𝑗𝑝,𝐻 satisfies Assumption (★). Let 𝕗 be a finite field. Then one has

𝑗𝑝,𝐻

(√︁
ln(𝑥)

)
≼ 𝑗𝑝,Cloner𝕗 (𝐻 ) (𝑥) ≼ 𝑗1,𝐻 (ln(𝑥)).

Hence, in the setting of the above corollary, we have

𝑗𝑝,Cloner𝕗 (𝐻 ) (𝑥) ≃ 𝑗1,𝐻 (ln(𝑥))

when 𝑗𝑝,𝐻
(√︁

ln(𝑥)
)
≃ 𝑗1,𝐻 (ln(𝑥)), and

(1.1) (ln(𝑥))
1
2𝑑 ≼ 𝑗𝑝,Cloner𝕗 (𝐻 ) (𝑥) ≼ (ln(𝑥))

1
𝑑

when 𝐻 has polynomial growth of degree 𝑑 ≥ 1. The same holds for our new example of
halo products Upcloner𝕗 (ℤ𝑑 ), see Corollary 5.19 (and Section 3.1 for a precise definition of these
groups).
In the case of polynomial growth groups 𝐻 , we have in fact the following slight improvement

of (1.1) for the upper bound:

𝑗𝑝,Cloner𝕗 (𝐻 ) (𝑥) ≼
(

ln(𝑥)
ln(ln(𝑥))

) 1
𝑑

,

since Shuffler(𝐻 ) is a subgroup of Cloner𝕗 (𝐻 ) (consider permutationmatrices in FGL(𝐻 )).

Applications to regular maps. We now turn to the problem of the existence of quasi-isometries
and regular maps between commonly studied spaces, which has been widely investigated in the
literature, see e.g. [BST12; Tes20;HMT20;HMT22; Ben22;HMT25] among others. In these arti-
cles, the main guideline is, mostly, to associate to spaces new quantities that are monotonuous
under regular maps, and that are thiner than the most obvious ones, such as volume growth or
asymptotic dimension. As a concrete example, the volume growth does not say anything about
the existence of a regular map

ℍ
𝑚1

ℝ
×ℝ𝑑1 −→ ℍ

𝑚2

ℝ
×ℝ𝑑2

whereas Poincaré profiles, introduced and studied in [HMT20], impose a monotonic behaviour
for the dimension of hyperbolic spaces and the growth exponent of the second factors [HMT22].
On the amenable side, isoperimetric profiles remain powerful invariants to distinguish groups

of exponential growth up to quasi-isometry. As an illustration:

Theorem I (see Corollary 6.3). Let 𝑛,𝑚 ≥ 0. Let 𝐴 and 𝐵 be infinite virtually abelian finitely gen-
erated groups, with growth degrees 𝑎 and 𝑏 respectively. Then the following are equivalent:

(i) Shuffler◦𝑛 (𝐴) and Shuffler◦𝑚 (𝐵) are quasi-isometric.
(ii) 𝑛 =𝑚 and 𝑎 = 𝑏 .
(iii) Shuffler◦𝑛 (𝐴) and Shuffler◦𝑚 (𝐵) are biLipschitz equivalent.

Two comments are in order here. Firstly, the fact that Shuffler◦𝑛 (𝐴) and Shuffler◦𝑚 (𝐵) are quasi-
isometric implies that 𝑎 = 𝑏 can also be detected with the asymptotic dimension. Indeed,
Shuffler(𝐴) (more generally Shuffler◦𝑛 (𝐴)) and 𝐴 have same asymptotic dimension. On the other
hand, theasymptoticdimensiondoesnotdetectnumbersof iterationswemake,whereas isoperi-
metric profiles do. These invariants are therefore more powerful with this respect. Additionally,
regarding other monotonuous quantities under regular maps, volume growth is unhelpful, as it
is exponential for both groups (when 𝑛,𝑚 ≥ 1).
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Secondly, it is worth noticing that, for (iterated) lampshufflers over virtually abelian groups or
groups with slow profiles (see Corollary 6.1), being quasi-isometric is the same as being biLips-
chitz equivalent. This rigidity is in sharp contrast with lamplighters overℤ [Dym10] or over one-
ended groups [GT24b], classes in which there are pairs of quasi-isometric groups that are not
biLipschitz equivalent.
We refer the reader to Corollary 6.5 and Remark 6.6 for asymmetric versions of Theorem I,

about the existence of a regular map

Shuffler◦𝑛 (𝐴) −→ Shuffler◦𝑚 (𝐵)

for polynomial growth groups 𝐴 and 𝐵 (not necessarily virtually abelian). A nice consequence of
these studies is the following.

Corollary J (see Corollary 6.7). Let 𝑛,𝑚 ≥ 0. Let 𝐴 and 𝐵 be infinite virtually abelian finitely
generated groups, with growth degrees 𝑎 and 𝑏 respectively. Then the following are equivalent:

(i) the three equivalent assertions of Theorem I hold;
(ii) Shuffler◦𝑛 (𝐴) regularly embeds Shuffler◦𝑚 (𝐵), and Shuffler◦𝑚 (𝐵) regurlarly embeds into

Shuffler◦𝑛 (𝐴).

Another interesting consequence of our computations of isoperimetric profiles is the follow-
ing statement, which cannot be reached with methods from [GT24a], even for quasi-isometric
or coarse embeddings. Indeed, in the latter is introduced a key property, called the thick bigon
property, which is a crucial assumption for the study of quasi-isometries between halo products.
Unfortunately, this property is not stable under iterations of lampshufflers, and cannot be used
for Shuffler◦𝑛 (ℤ𝑑 ) for instance.

Proposition K (see Corollary 6.11). Let 𝑑, 𝑘 , 𝑛 ≥ 1 be three integers. If there exists a regular map

Shuffler◦𝑛 (ℤ𝑑 ) −→ ℤ/2ℤ ≀ (ℤ/2ℤ ≀ (. . . (ℤ/2ℤ ≀ ℤ𝑘 ))),

where the wreath product is iterated 𝑛 times, then 𝑑 < 𝑘 .

In relation with the results from [GT24a], we expect in fact that there is no regular map from
Shuffler◦𝑛 (ℤ𝑑 ) toℤ/2ℤ ≀ (ℤ/2ℤ ≀ (. . . (ℤ/2ℤ ≀ ℤ𝑘 ))), even when 𝑑 < 𝑘 .
Finally, we emphasize here that similar results can be obtained for other halo products, such

as lampjugglers, lampdesigners, and lampcloners (except when the base group has polynomial
growth since we do not have a precise estimate of 𝑗1,Cloner𝕗 (𝐻 ) in this case).

Plan of the paper. After a fewpreliminaries in Section 2, we introduce halo products in Section 3,
with the main assumptions we will need to study them. Section 4 is devoted to the computa-
tion of Følner functions for halo products, and we deduce estimates for isoperimetric profiles
in Section 5. This finally implies existence and non-existence results of regular maps and quasi-
isometries between such groups, see Section 6. Lastly, Appendix A presents various minimal al-
gebraic assumptions under which lamplighters appear as subgroups of lampshufflers.

Acknowledgements. We are grateful to our advisor Romain Tessera for his valuable guidance
and support, and to Juan Paucar for many fruitful discussions. We are also thankful to Anthony
Genevois, Jérémie Brieussel, Anna Erschler, and Eduardo Silva for their comments and sugges-
tions on an earlier version of this paper.
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2. NOTATIONS AND PRELIMINARIES

2.1. Notations.

Givennon-decreasing functions 𝑓 , 𝑔 : ℝ>0 −→ ℝ>0, wewrite 𝑓 (𝑥) =𝑂 (𝑔 (𝑥)) if there exists𝐶 > 0

such that 𝑓 (𝑥) ≤ 𝐶 𝑔 (𝑥) for all 𝑥 large enough, and 𝑓 (𝑥) = 𝑜 (𝑔 (𝑥)) if 𝑓 (𝑥 )
𝑔 (𝑥 ) goes to 0 as 𝑥 goes to +∞.

We write 𝑓 ∼ 𝑔 , and we say that 𝑓 and 𝑔 are equivalent, if 𝑓 (𝑥 )
𝑔 (𝑥 ) goes to 1 as 𝑥 goes to +∞.

A slightly weaker notion is the one of asymptotic equivalence. Namely, if 𝑓 , 𝑔 : ℝ+ −→ ℝ+ are
non-decreasing, we say that 𝑓 is dominated by 𝑔 , and we write 𝑓 ≼ 𝑔 , if there is a constant𝐶 > 0
such that 𝑓 (𝑥) = 𝑂 (𝑔 (𝐶𝑥)). We say that 𝑓 and 𝑔 are asymptotically equivalent, written 𝑓 ≃ 𝑔 , if
𝑓 ≼ 𝑔 and 𝑔 ≼ 𝑓 . Note that two equivalent functions are asymptotically equivalent.
Given a group 𝐺 , we denote 1𝐺 its neutral element, and if 𝐺 is generated by a finite set 𝑆 ,

Cay(𝐺,𝑆) refers to the Cayley graph of 𝐺 with respect to 𝑆 , that is the graph whose vertices are
elements of𝐺 and whose edges are pairs of the form (𝑔 , 𝑔 𝑠 ) with 𝑔 ∈ 𝐺 and 𝑠 ∈ (𝑆 ∪ 𝑆−1) \ {1𝐻 },
while | · |𝑆 denotes the usual length function on 𝐺 associated to 𝑆 , and 𝑑𝑆 stands for the left-
invariant word metric associated to 𝑆 . The notation𝑉𝐺,𝑆 refers to the growth function of 𝐺 , de-
fined by𝑉𝐺,𝑆 (𝑛) ··= |{𝑔 ∈ 𝐺 : |𝑔 |𝑆 ≤ 𝑛}|. Recall that its asymptotic behaviour, in the sense of ≃, is
independent of the choice of 𝑆 .

2.2. Coarse geometry and coarsemaps.

We now recall many basic concepts in the study of the large-scale geometry of metric spaces.
A map 𝑓 : (𝑋 , 𝑑𝑋 ) −→ (𝑌 , 𝑑𝑌 ) between two metric spaces is a coarse embedding if there exist

two functions 𝜎− , 𝜎+ : [0,∞) −→ [0,∞) such that 𝜎− (𝑡 ) −→ ∞when 𝑡 → ∞ and such that

𝜎− (𝑑𝑋 (𝑥, 𝑦 )) ≤ 𝑑𝑌 ( 𝑓 (𝑥), 𝑓 (𝑦 )) ≤ 𝜎+(𝑑𝑋 (𝑥, 𝑦 ))

for all 𝑥, 𝑦 ∈ 𝑋 . The maps 𝜎− , 𝜎+ are called the parameters of 𝑓 . If those parameters are both
affine functions, we say that 𝑓 is a quasi-isometric embedding, and without restrictions we may
assume that𝜎+ and𝜎− havemultiplicative constants inversesof eachother and that their additive
constants differ by the sign. More precisely, given𝐶 ≥ 1 and𝐾 ≥ 0, we say that 𝑓 is a (𝐶 , 𝐾 )-quasi-
isometric embedding if

1

𝐶
· 𝑑𝑋 (𝑥, 𝑦 ) − 𝐾 ≤ 𝑑𝑌 ( 𝑓 (𝑥), 𝑓 (𝑦 )) ≤ 𝐶 · 𝑑𝑋 (𝑥, 𝑦 ) + 𝐾

for all 𝑥, 𝑦 ∈ 𝑋 . Additionally if 𝑑𝑌 (𝑦 , 𝑓 (𝑋 )) ≤ 𝐾 for all 𝑦 ∈ 𝑌 , we say that 𝑓 is a quasi-isometry, or a
(𝐶 , 𝐾 )-quasi-isometry. When such amap exists, we say that 𝑋 and𝑌 are quasi-isometric.
For 𝐶 > 0, a (𝐶 , 0)-quasi-isometry is usually called a biLipschitz equivalence (note that those

maps exactly coincide with bijective quasi-isometries), and amap 𝑓 : (𝑋 , 𝑑𝑋 ) −→ (𝑌 , 𝑑𝑌 ) satisfy-
ing only

𝑑𝑌 ( 𝑓 (𝑥), 𝑓 (𝑦 )) ≤ 𝐶 · 𝑑𝑋 (𝑥, 𝑦 )
for any 𝑥, 𝑦 ∈ 𝑋 is said to be𝐶 -Lipschitz. Lastly, 𝑓 : 𝑋 −→ 𝑌 is regular if it is𝐶 -Lipschitz for some
𝐶 > 0 and pre-images of points have uniformly bounded cardinality: there is 𝑚 ≥ 1 such that
| 𝑓 −1({𝑦 }) | ≤ 𝑚 for any 𝑦 ∈ 𝑌 .
Note that any quasi-isometry is a quasi-isometric embedding, which is itself a coarse embed-

ding, which is itself a regular map, but none of the reverse implications hold. For instance, the
inclusion of a closed compactly generated subgroup in a locally compact compactly generated
group is always a coarse embedding, while it is a quasi-isometry only if the subgroup is undis-
torted, and themapℤ −→ ℤ, 𝑛 ↦−→ |𝑛 |, is a regular map, while it is not a coarse embedding.
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2.3. Isoperimetric profiles.

Isoperimetric profile for groups. For a finitely generated group𝐺 and a finite generating set 𝑆𝐺 ,
its ℓ𝑝-isoperimetric profile, for 𝑝 ≥ 1, is the function 𝑗𝑝,𝐺 : ℕ −→ ℝ+ given by

𝑗𝑝,𝐺 (𝑛) ··= sup
𝑓 : 𝐺→ℝ+
|supp 𝑓 | ≤𝑛

∥ 𝑓 ∥𝑝
∥∇𝑓 ∥𝑝

where the support of 𝑓 : 𝐺 −→ ℝ+ is supp 𝑓 ··= {𝑔 ∈ 𝐺 : 𝑓 (𝑔 ) ≠ 0} and the ℓ𝑝-norm of its gradient
is defined by ∥∇𝑓 ∥𝑝𝑝 ··=

∑
𝑔 ∈𝐺, 𝑠 ∈𝑆𝐺 | 𝑓 (𝑔 ) − 𝑓 (𝑔 𝑠 ) |𝑝 . For 𝑝 = 1, the ℓ1-isoperimetric profile is simply

called isoperimetric profile and one has

𝑗1,𝐺 (𝑛) ≃ sup
|𝐴 | ≤𝑛

|𝐴 |
|𝜕𝐺𝐴 |

where 𝜕𝐺𝐴 ··= 𝐴𝑆𝐺 \ 𝐴 = {𝑔 ∈ 𝐺 \ 𝐴 : ∃𝑠 ∈ 𝑆𝐺 ,∃ℎ ∈ 𝐴, 𝑔 = ℎ𝑠 } is the boundary of 𝐴 in𝐺 .
Recall also that the isoperimetric profile of a group 𝐺 is the generalised inverse of its Følner

function Føl𝐺 : ℕ −→ ℝ+, defined as

Føl𝐺 (𝑛) ··= inf

{
|𝐴 | : |𝜕𝐺𝐴 ||𝐴 | ≤ 1

𝑛

}
.

Wemore generally define the ℓ𝑝-Følner function Føl𝑝,𝐺 : ℕ −→ ℝ+ for every 𝑝 ≥ 1, as

Føl𝑝,𝐺 (𝑛) ··= inf

{
|supp 𝑓 | :

∥∇𝑓 ∥𝑝
∥ 𝑓 ∥𝑝

≤ 1

𝑛

}
.

For every 𝑝 ≥ 1, Føl𝑝,𝐺 and 𝑗𝑝,𝐺 are generalised inverses of each other, and we have Føl1,𝐺 (𝑥) ≃
Føl𝐺 (𝑥). Thus, in the sequel, we will always write Føl𝐺 instead of Føl1,𝐺 .

Remark 2.1. Notice that, given the asymptotic behaviour of the ℓ𝑝-Følner function, we can de-
duce the asymptotic behaviour of the ℓ𝑝-isoperimetric profile, even though they are not real in-
verses of each other, but only generalised inverses a priori. Indeed, a non-decreasing function
ℝ+ −→ ℝ+ is always asymptotically equivalent to an increasing functionℝ+ −→ ℝ+ (cf. [Corr24])
and it is not hard to check that ≃ is preserved when passing to generalised inverses. Thus, in the
sequel, we can and will assume that the ℓ𝑝-Følner function and the ℓ𝑝-isoperimetric profile are
injective and then real inverses of each other. Hence, studying the asymptotic behaviour of 𝑗𝑝,𝐺
is the same as studying the asymptotic behaviour of Føl𝑝,𝐺 .

The asymptotic behaviour of isoperimetric profiles is stable under quasi-isometries, and is in
particular independent of the choice of a generating set for𝐺 . More generally, ℓ𝑝-isoperimetric
profiles are monotonuous when passing to finitely generated subgroups:

Theorem2.2 ([Ers03]). Let𝐻 beafinitely generated subgroupof afinitely generatedgroup𝐺 . Then
one has 𝑗𝑝,𝐺 (𝑛) ≼ 𝑗𝑝,𝐻 (𝑛) for every 𝑝 ≥ 1.

This has been widely generalised to general regular maps by Delabie, Koivisto, Le Maître and
Tessera, using connections with quantitative measure equivalence.

Theorem 2.3 ([DKLMT22]). Let𝐺 and 𝐻 be finitely generated amenable groups. If there exists a
regular map from𝐺 to𝐻 , then 𝑗𝑝,𝐻 (𝑛) ≼ 𝑗𝑝,𝐺 (𝑛) for every 𝑝 ≥ 1.

Equivalently, both results can be stated in terms of Følner functions.
Note that a group is amenable if and only if its isoperimetric profile is unbounded. The idea to

keep inmind is that the isoperimetric profile is ameasurementof howmuchamenable a group is.
The faster the isoperimetric profile tends to infinity, themore the group is amenable. In particu-
lar, the isoperimetric profile is a particularlywell suited invariant to distinguish amenable groups
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with exponential growth up to quasi-isometries or regular maps, and it has now been computed
for many classes of groups, among which:

• 𝑗𝑝,𝐺 (𝑛) ≃ 𝑛
1
𝑑 if𝐺 has polynomial growth of degree 𝑑 ≥ 1;

• 𝑗𝑝,𝐺 (𝑛) ≃ ln(𝑛) for solvable Baumslag-Solitar groups and lamplighters 𝐹 ≀ ℤ, where 𝐹 is a
non-trivial finite group;

• 𝑗𝑝,𝐺 (𝑛) ≃ ln(𝑛) for any polycyclic group with exponential growth [Pit95; Pit00], or more
generally any exponential growth group within the class GES of Tessera [Tes13];

• 𝑗𝑝,𝐹 ≀𝑁 (𝑛) ≃ (ln(𝑛)) 1
𝑑 with 𝐹 finite and non-trivial, and𝑁 of growth degree 𝑑 ≥ 1 [Ers03].

More generally, [Ers03] provides a general formula for computing Følner functions of wreath
products, so for instance the last example can be extended to iterated wreath products. Let us
explain withmore details Erschler’s result, since it will play an important role in the sequel.

Let𝐺 and 𝐻 be finitely generated groups and assume that for every 𝐶 > 0, there exists 𝑘 > 0
such that Føl𝐻 (𝑘𝑛) > 𝐶 · Føl(𝑛) for any large enough integer 𝑛. Then we have

Føl𝐺 ≀𝐻 (𝑥) ≃ (Føl𝐺 (𝑥))Føl𝐻 (𝑥 ) .

This assumption on Føl𝐻 , introduced in [Ers03], can also be stated in terms of isoperimetric pro-
file in the following way: for every 𝐶 > 0, we have 𝑗1,𝐻 (𝐶𝑥) = 𝑂

(
𝑗1,𝐻 (𝑥)

)
. This assumption also

appeared in [Corr24] and we do not have any example of a finitely generated group for which it
does not hold. In Section 5, we will make use of this mild assumption, and we will refer to it as
Assumption (★). In [Ers03], this assumption is used to get rid of some constant appearing in the
lower bound: there exists𝐶 > 0 such that

(2.1) Føl𝐺 ≀𝐻 (𝑥) ≽ (Føl𝐺 (𝑥))𝐶Føl𝐻 (𝑥 ) ;

whereas the upper bound is exactly Føl𝐺 ≀𝐻 (𝑥) ≼ (Føl𝐺 (𝑥))Føl𝐻 (𝑥 ) . In the particular case of a finite
group𝐺 , we have 𝑗1,𝐺 ≀𝐻 (𝑥) ≃ 𝑗1,𝐻 (ln(𝑥)) if 𝑗1,𝐻 satisfies Assumption (★).
The lower bound (2.1) also holds in the context of lamplighter graphs, see Section 4.2. To relate

the work of Erschler on the ℓ1-Følner function with the ℓ𝑝-Følner function (for 𝑝 ≥ 1) that we
want to compute for halo products, wewill first have to reduce the proof to the case𝑝 = 1, thanks
to thewell-known fact that if𝑝 ≥ 1, then the ℓ𝑝-Følner functiondominates the ℓ1-Følner function
(see Lemma4.3). In fact, it is conjectured that the ℓ𝑝-Følner functions, for𝑝 ≥ 1, all have the same
asymptotic behaviour.

A fundamental result in geometric group theory is the one of Coulhon and Saloff-Coste, who
proved in [CSC93] that for a finitely generated group𝐺 and a finite symmetric generating set 𝑆 of
𝐺 , one has

|𝜕𝐺𝐹 |
|𝐹 | ≥ 1

4|𝑆 | ·
1

Φ𝐺 (2|𝐹 |)
for any finite set 𝐹 ⊂ 𝐺 , whereΦ𝐺 : ℝ>0 −→ ℕ, Φ𝐺,𝑆 (𝑡 ) ··= min{𝑛 ≥ 0 : 𝑉𝐺,𝑆 (𝑛) > 𝑡 } is the inverse
growth function of𝐺 . Since then, it has constantly been improved to thiner inequalities, see for
instance [PS22]. Inverting this inequality and taking the sup, one directly gets the upper bound

𝑗1,𝐺 (𝑛) ≼ Φ𝐺,𝑆 (𝑛)

on the ℓ1-isoperimetric profile of𝐺 . This upper bound is optimalwhen𝐺 has polynomial growth,
while if it has exponential growth, one only gets 𝑗1,𝐺 (𝑛) ≼ ln(𝑛). In fact, [BZ21] describes a large
class of possible asymptotic behaviours for isoperimetric profiles of finitely generated groups
with exponential growth, namely for any non-decreasing function 𝑓 such that 𝑥 ↦−→ 𝑥

𝑓 (𝑥 ) is non-
decreasing, there exists a finitely generated group of exponential growth whose ℓ𝑝-isoperimetric
profile is ≃ ln(𝑥 )

𝑓 (ln(𝑥 ) ) for every 𝑝 ≥ 1.
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Isoperimetric profiles are also particularly studied for their relations with return probabilities
of randomwalks on groups, see for instance [SCZ15; SCZ16; SCZ18; BZ21].

Isoperimetric profile for graphs. Isoperimetric profiles can be defined, more generally, in the
framework of bounded degree graphs, without any underlying algebraic structure. In this paper,
we only focus on the case 𝑝 = 1, but similar definitions can bemade for 𝑝 > 1.
Since there will be no ambiguity, we will abusively use the same notation for a graph and the

set of its vertices. Given a graph𝑌 , the presence of an edge between two vertices 𝑣 and𝑤 will be
denoted by 𝑣 ∼𝑌 𝑤 .
Given a graph𝑌 , its isoperimetric profile is the function 𝑗1,𝑌 : ℕ −→ ℝ+ defined by

𝑗1,𝑌 (𝑛) ··= sup
|𝐴 | ≤𝑛

|𝐴 |
|𝜕𝑌 𝐴 |

where, given a finite set 𝐴 ⊂ 𝑌 of vertices, 𝜕𝑌 𝐴 ··= {𝑣 ∈ 𝑌 \ 𝐴 : ∃𝑎 ∈ 𝐴,𝑣 ∼𝑌 𝑎} is the boundary of 𝐴
in the graph𝑌 .
In the case of Cayley graphs of finitely generated groups, we recover the corresponding notion

of isoperimetric profile of groups, defined above. Moreover, the invariance of isoperimetric pro-
file under quasi-isometry is still valid in this more general setup. Finally, we analogously define
the Følner function of a graph.
This setup of graphs will be crucial in our paper. Indeed, in Section 4.2, we will define lamp-

lighter graphs and will require a lower bound of their Følner functions.

3. HALO PRODUCTS

In this section, we define halo products and themain classes we are interested in.

3.1. Halo products: definition andmain examples.

Definition 3.1. Let 𝑋 be a set. A halo of groupsℒ over 𝑋 is the data, for any subset 𝑆 ⊂ 𝑋 , of a
group 𝐿 (𝑆) such that:

• for all 𝑅, 𝑆 ⊂ 𝑋 , if 𝑅 ⊂ 𝑆 then 𝐿 (𝑅) ⩽ 𝐿 (𝑆);
• 𝐿 (∅) = {1} and 𝐿 (𝑋 ) = ⟨𝐿 (𝑆) : 𝑆 ⊂ 𝑋 finite⟩;
• for all 𝑅, 𝑆 ⊂ 𝑋 , 𝐿 (𝑅 ∩ 𝑆) = 𝐿 (𝑅) ∩ 𝐿 (𝑆).

Given an action𝐻 ↷ 𝑋 and amorphism 𝛼 : 𝐻 −→ Aut(𝐿 (𝑋 )) satisfying 𝛼 (ℎ) (𝐿 (𝑆)) = 𝐿 (ℎ𝑆) for
any 𝑆 ⊂ 𝑋 and ℎ ∈ 𝐻 , the permutational halo product ℒ𝑋 ,𝛼𝐻 is the semi-direct product

ℒ𝑋 ,𝛼𝐻 ··= 𝐿 (𝑋 ) ⋊𝛼 𝐻 .

The definition is motivated by permutational wreath products, which are basic examples of
permutational halo products. Indeed, given groups 𝐹 ,𝐻 and an action𝐻 ↷ 𝑋 , set 𝐿 (𝑆) ··=

⊕
𝑆 𝐹

for any 𝑆 ⊂ 𝑋 . Thenℒ𝑋 ,𝛼𝐻 coincides with 𝐹 ≀𝑋 𝐻 , where 𝛼 is the action of𝐻 on
⊕

𝑋 𝐹 obtained
by permuting the coordinates through the initial action𝐻 ↷ 𝑋 . In particular, for 𝑋 = 𝐻 and the
left-multiplication action of𝐻 on itself, we recover a description of the wreath product 𝐹 ≀𝐻 as a
halo product.
Let us now describe other examples of halo products. From now on, we only focus on halo

products with 𝑋 = 𝐻 , that we simply denote byℒ𝐻 , for the natural action of𝐻 on itself by left-
multiplication.
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Lampshufflers. Let 𝐻 be a group, and let FSym(𝐻 ) be the group of finitely supported permuta-
tions of 𝐻 , that is the group of bijections 𝐻 −→ 𝐻 that are the identity outside a finite subset of
𝐻 . The group𝐻 acts naturally on FSym(𝐻 ), via

(ℎ · 𝜎) (𝑥) ··= ℎ𝜎 (ℎ−1𝑥), 𝑥 ∈ 𝐻
for anyℎ ∈ 𝐻 and𝜎 ∈ FSym(𝐻 ). Indeed, if𝜎 : 𝐻 −→ 𝐻 is a finitely supported bijection andℎ ∈ 𝐻 ,
then so is ℎ · 𝜎 and supp (ℎ · 𝜎) = ℎ · supp (𝜎), where supp (𝜎) ··= {𝑥 ∈ 𝐻 : 𝜎 (𝑥) ≠ 𝑥}.
The lampshuffler group over𝐻 , denoted Shuffler(𝐻 ), is then defined as the semidirect product

Shuffler(𝐻 ) ··= FSym(𝐻 ) ⋊𝐻 .
It coincides with the halo productℒ𝐻 where 𝐿 (𝑆) ··= FSym(𝑆) for any 𝑆 ⊂ 𝐻 . Additionally, if

𝐻 is finitely generated and 𝑆𝐻 denotes a finite generating set, then Shuffler(𝐻 ) is generated by the
finite set

Σ𝐻 ··=
{
(𝜏1𝐻 ,𝑠 , 1𝐻 ) : 𝑠 ∈ 𝑆𝐻

}
∪ {(id, 𝑠 ) : 𝑠 ∈ 𝑆𝐻 }

where, given any 𝑥, 𝑦 ∈ 𝐻 , 𝜏𝑥,𝑦 ∈ FSym(𝐻 ) is the transposition that swaps 𝑥 and 𝑦 , that is 𝜏𝑥,𝑦 (𝑥) =
𝑦 , 𝜏𝑥,𝑦 (𝑦 ) = 𝑥 and 𝜏𝑥,𝑦 (ℎ) = ℎ for any ℎ ≠ 𝑥, 𝑦 .
An element (𝜎,ℎ) ∈ Shuffler(𝐻 ) can be seen as a labelling of the vertices of the Cayley graph

Cay(𝐻 ,𝑆𝐻 ) (a vertex𝑝 ∈ 𝐻 carries the label 𝜎 (𝑝)) together with an arrow pointing at some vertex
ℎ ∈ 𝐻 , and thereare two typesofmoves inCay(Shuffler(𝐻 ), Σ𝐻 ) togo from (𝜎,ℎ) toaneighbouring
vertex:

• either the arrow goes from ℎ to a neighbouring vertex in𝐻 ;
• or the arrow stands on the vertex ℎ ∈ 𝐻 , and swaps its label with the label of one of its
neighbours in𝐻 .

Lampjugglers. Lampshufflers are in fact particular instancesof abroader family of groups, called
lampjugglers. Given a group 𝐻 and an integer 𝑟 ≥ 1, the lampjuggler over 𝐻 is the semi-direct
product

Shuffler𝑟 (𝐻 ) ··= FSym(𝐻 × {1, . . . , 𝑟 }) ⋊𝐻
where𝐻 acts on FSym(𝐻 ×{1, . . . , 𝑟 }) through its initial action on𝐻 ×{1, . . . , 𝑟 } given byℎ · (𝑥, 𝑖 ) ··=
(ℎ𝑥, 𝑖 ). It can be described as the halo groupℒ𝐻 where 𝐿 (𝑆) ··= FSym(𝑆 × {1, . . . , 𝑟 }), 𝑆 ⊂ 𝐻 . As
for lampshufflers, lampjugglers over finitely generated groups are finitely generated, andone can
check that if 𝑆𝐻 is a finite generating set for𝐻 , then the finite set

{(𝜏(1𝐻 ,𝑖 ) ,(𝑠 ,𝑗 ) , 1𝐻 ) : 𝑠 ∈ 𝑆𝐻 , 1 ≤ 𝑖 , 𝑗 ≤ 𝑟 } ∪ {(id, 𝑠 ) : 𝑠 ∈ 𝑆𝐻 }
generates Shuffler𝑟 (𝐻 ). Here, an element (𝜎,ℎ) ∈ Shuffler𝑟 (𝐻 ) can be seen as a labelling of the
vertices of Cay(𝐻 ,𝑆𝐻 ) × {1, . . . , 𝑟 } together with an arrow pointing at some vertex ℎ ∈ 𝐻 . Right-
multiplying (𝜎,ℎ) by a generator from the above set amounts either to move the arrow from ℎ

to a neighbouring vertex ℎ𝑠 in 𝐻 , or to keep the arrow on ℎ ∈ 𝐻 and switching the labels of two
vertices in ℎ × {1, . . . , 𝑟 } and ℎ𝑠 × {1, . . . , 𝑟 } for some neighbour ℎ𝑠 of ℎ.

Lampdesigners. Let 𝐹 and𝐻 be two groups. The lampdesigner over𝐻 is the semi-direct product
Designer𝐹 (𝐻 ) ··= (𝐹 ≀𝐻 FSym(𝐻 )) ⋊𝐻

where 𝐻 acts on
⊕

𝐻 𝐹 by permuting the coordinates through its action on itself by left-
multiplication and acts on FSym(𝐻 ) as described above. It is the halo productℒ𝐻 for the col-
lection 𝐿 (𝑆) ··= 𝐹 ≀𝑆 FSym(𝑆), 𝑆 ⊂ 𝐻 .
Lampdesigners are close from lampjuggler groups, and in fact if 𝐹 is finite, Designer𝐹 (𝐻 ) is a

subgroup of Shuffler |𝐹 | (𝐻 ), via themap
Designer𝐹 (𝐻 ) −→ Shuffler |𝐹 | (𝐻 )
(( 𝑓 , 𝜎), ℎ) ↦−→ (𝜎 ′, ℎ)
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where, given a pair ( 𝑓 , 𝜎) ∈ 𝐹 ≀𝐻 FSym(𝐻 ), 𝜎 ′ is the permutation of 𝐻 × 𝐹 given by 𝜎 ′(ℎ, 𝑖 ) =

(𝜎 (ℎ), 𝑓 (ℎ)𝑖 ). Note also thatDesigner𝐹 (𝐻 ) contains Shuffler(𝐻 ) as a subgroup.

Lampcloners. Let𝐻 be a group and let 𝕗 be a field. Denote𝑉𝐻 the 𝕗-vector space admitting𝐻 as a
basis, and denote {𝑒𝑢 : 𝑢 ∈ 𝐻 } a formal basis. Let FGL(𝐻 ) be the group of linear automorphisms
𝑉𝐻 −→𝑉𝐻 that fix all but finitelymany basis elements. This group can also be seen as the group of
finitely supported invertiblesmatrices with coefficients in 𝕗 whose entries are indexed by𝐻 ×𝐻 .
Once again, the action of𝐻 on itself naturally yields an action of𝐻 on FGL(𝐻 ). The lampcloner
over𝐻 is the semi-direct product

Cloner𝕗 (𝐻 ) ··= FGL(𝐻 ) ⋊𝐻 .
It is a halo product, for the collection 𝐿 (𝑆) ··= FGL(𝑆), for every 𝑆 ⊂ 𝐻 , where FGL(𝑆) is thought
of as the subgroup of FGL(𝐻 ) of linear automorphisms𝑉𝐻 −→ 𝑉𝐻 that fix𝐻 \ 𝑆 and that stabilise
the subspace ⟨𝑆⟩ ⊂ 𝑉𝐻 .
In addition, if 𝕗 is finite and if𝐻 = ⟨𝑆𝐻 ⟩ is finitely generated, then the finite set

{(𝛿1𝐻 (𝜆), 1𝐻 ) : 𝜆 ∈ 𝕗 \ {0}} ∪ {(𝜏1𝐻 ,𝑠 (𝜆), 1𝐻 ) : 𝑠 ∈ 𝑆𝐻 , 𝜆 ∈ 𝕗 \ {0}} ∪ {(id𝑉𝐻 , 𝑠 ) : 𝑠 ∈ 𝑆𝐻 }
generates Cloner𝕗 (𝐻 ), where, given 𝑝, 𝑞 ∈ 𝐻 and 𝜆 ∈ 𝕗 \ {0}, 𝛿𝑝 (𝜆) is the diagonal matrix

𝛿𝑝 (𝜆) :
𝑉𝐻 −→ 𝑉𝐻∑︁

ℎ∈𝐻
𝜇ℎ𝑒ℎ ↦−→

∑︁
ℎ≠𝑝

𝜇ℎ𝑒ℎ + 𝜆𝜇𝑝𝑒𝑝

and 𝜏𝑝𝑞 (𝜆) is the transvection

𝜏𝑝𝑞 (𝜆) :
𝑉𝐻 −→ 𝑉𝐻∑︁

ℎ∈𝐻
𝜇ℎ𝑒ℎ ↦−→

∑︁
ℎ≠𝑝

𝜇ℎ𝑒ℎ + (𝜇𝑝 + 𝜆𝜇𝑞 )𝑒𝑝 .

Thus, thinking of an element (𝜑,𝑝) ∈ Cloner𝕗 (𝐻 ) as a labelling of Cay(𝐻 ,𝑆𝐻 ) (the vertex ℎ ∈ 𝐻

has the label 𝜑 (𝑒ℎ) ∈ 𝑉𝐻 ), together with an arrow pointing at 𝑝 ∈ 𝐻 , right multiplying (𝜑,𝑝) by a
generator from the above set amounts either tomove the arrow to an adjacent vertex 𝑞 of𝑝 in𝐻 ;
or to keep the arrow where it stands and multiply 𝜑 (𝑒𝑝 ) by a non-trivial element of 𝕗 ; or to keep
the arrow where it stands and to clone the label 𝜑 (𝑒𝑝 ) and add it to the label of a neighbour of 𝑝
after multiplication by an element of 𝕗 \ {0}.
We refer the reader to [GT24a] for many other possible constructions, such as lampbraiders

and verbal halo products, that encompass for instance nilpotent and metabelian wreath prod-
ucts.
As mentioned in the introduction, the challenging part for the computation of isoperimetric

profiles is to find the optimal upper bound. This is done using the monotonicity of the isoperi-
metric profileswhenpassing to suitable substructures such as subgroups or even subgraphs. Us-
ing "good" subgroups is a technique known widely by the experts in the case of lampshufflers,
but requires some algebraic assumptions on the base groups (see Appendix A for more details).
It is now a good place to observe that the other examples of halo products we give above already
have lamplighters as subgroups, with the same base groups. More precisely:

• For a lampjuggler Shuffler𝑠 (𝐻 ), with 𝑠 ≥ 2, we consider the subgroup
𝐺 ··= {(𝜎,ℎ) ∈ Shuffler𝑠 (𝐻 ) : 𝜎 ({𝑘 } × 𝐹 ) = {𝑘 } × 𝐹 for all 𝑘 ∈ 𝐻 }.

One can check directly that𝐺 is isomorphic to Sym({1, . . . , 𝑟 }) ≀𝐻 .
• For a lampdesigner Designer𝐹 (𝐻 ), we notice that

⊕
𝐻 𝐹 is a subgroup of 𝐹 ≀𝐻 Sym(𝐻 ), in-

variantunder thenatural actionof𝐻 on𝐹 ≀𝐻 Sym(𝐻 ), so𝐹 ≀𝐻 is a subgroupofDesigner𝐹 (𝐻 ).
• Considering the subgroup ofFGL(𝐻 ) generated by diagonalmatrices 𝛿ℎ (𝜆) forℎ ∈ 𝐻 and
𝜆 ∈ 𝕗 \ {0}, we easily prove that (𝕗 \ {0}) ≀𝐻 is a subgroup of Cloner𝕗 (𝐻 ).
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Thus, for these examples, techniques from Section 4 are unnecessary. Let us then give new
examples of halo products which do not contain "good" lamplighter subgroups a priori.

Lampupcloners. Let𝐻 be a totally ordered group. Let 𝕗 be a field. Denote𝑉𝐻 the 𝕗-vector space
admitting 𝐻 as a basis, and denote {𝑒𝑢 : 𝑢 ∈ 𝐻 } a formal basis. Let FU(𝐻 ) be the subgroup of
FGL(𝐻 ) generated by the transvections 𝜏𝑝,𝑞 (𝜆) for 𝑝 < 𝑞 and 𝜆 ∈ 𝕗 . This group can also be seen
as the group of finitely supported upper triangular matrices with coefficients in 𝕗 , whose entries
are indexed by𝐻 ×𝐻 , and with diagonal entries equal to 1. Once again, the action of𝐻 on itself
naturally yields an action of𝐻 on FU(𝐻 ). The lampupcloner over𝐻 is the semi-direct product

Upcloner𝕗 (𝐻 ) ··= FU(𝐻 ) ⋊𝐻 .
It is a halo product, for the collection 𝐿 (𝑆) ··= FU(𝑆), for every 𝑆 ⊂ 𝐻 , where FU(𝑆) is thought
of as the subgroup of FU(𝐻 ) of linear automorphisms𝑉𝐻 −→ 𝑉𝐻 that fix𝐻 \ 𝑆 and that stabilise
the subspace ⟨𝑆⟩ ⊂ 𝑉𝐻 . Indeed, to prove the property with the intersection in the definition of
halo product, we notice that FU(𝑆) is the set of linear automorphisms 𝜑 ∈ FGL(𝑆) satisfying
(𝑒𝑞 )∗(𝜑 (𝑒𝑝 )) = 0 for every 𝑝, 𝑞 ∈ 𝐻 satisfying 𝑝 < 𝑞 (where ((𝑒ℎ)∗)ℎ∈𝐻 is the family of coordinate
functions for the basis (𝑒ℎ)ℎ∈𝐻 of𝑉𝐻 ). Notice that here we need crucially a total order on𝐻 .
We do not know if the finite set

{(𝜏1𝐻 ,𝑠 (𝜆), 1𝐻 ) : 𝑠 ∈ 𝑆𝐻 } ∪ {(id𝑉𝐻 , 𝑠 ) : 𝑠 ∈ 𝑆𝐻 }
always generatesUpcloner𝕗 (𝐻 ), where𝑆𝐻 is a generating subset of𝐻 satisfying 𝑠 ≥ 1𝐻 for every 𝑠 ∈
𝑆𝐻 . In Proposition 3.12, we prove that this is the case for𝐻 = ℤ𝑑 , endowedwith the lexicographic
order.

3.2. Important assumptions.

Our main results deal with halo products satisfying various important assumptions that we
introduce in this section.

3.2.1. Large-scale commutativity.

The first one has been introduced in [GT24a], under the terminology large-scale commutativ-
ity.

Definition 3.2. Letℒ𝐻 be a halo product over a finitely generated group𝐻 , and let 𝑆𝐻 be a finite
generating set of 𝐻 . We say thatℒ𝐻 is large-scale commutative if there exists a constant 𝐷 ≥ 0
such that, for any 𝑅, 𝑆 ⊂ 𝐻 with 𝑑𝑆𝐻 (𝑅, 𝑆) ≥ 𝐷 , the subgroups 𝐿 (𝑅) and 𝐿 (𝑆) commute in 𝐿 (𝐻 ).

This notion plays a key role in the quasi-isometry classification of halo groups established
in [GT24a], see e.g. [GT24a]. Examples of large-scale commutative halo products include lamp-
lighters (𝐷 = 0), lampshufflers (𝐷 = 1), lampcloners (𝐷 = 1) and lampupcloners (𝐷 = 1).

3.2.2. Finite generating sets.

Let us now turn to terminologies more specific to halo groups over finitely generated groups.
Inspired by lampshufflers, when we are looking for a generating set of a general halo product,
there is a natural candidate. The natural generation property, that we now introduce, is by defi-
nition satisfied by a halo product having this natural candidate as generating set.

Definition 3.3. Let 𝐻 be a finitely generated group, with a finite generating subset 𝑆𝐻 . We say
that a halo productℒ𝐻 over𝐻 is naturally generated if it is generated by the set

{(1𝐿 (𝐻 ) , 𝑠 ) : 𝑠 ∈ 𝑆𝐻 } ∪
⋃
𝑠 ∈𝑆𝐻

{(𝜎, 1𝐻 ) ∈ ℒ𝐻 : 𝜎 ∈ 𝐿 ({1𝐻 , 𝑠 })}.
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We already know from the previous section that our running examples, except lampupclon-
ers, are naturally generated. In this section, we actually prove it once more, highlighting a more
general phenomenon. Wewill also prove that lampupcloners over free abelian groups (endowed
with the lexicographic order) are naturally generated.
Let us now introduce a terminology relative to the generation for blocks of a halo product.

Definition 3.4. We say that a halo productℒ𝐻 has finite (resp. finitely generated) blocks if, for
any finite subset 𝑆 ⊂ 𝐻 , 𝐿 (𝑆) is finite (resp. finitely generated).
For instance, awreathproduct𝐹 ≀𝐻 , where𝐹 is finitely generated, hasfinitely generatedblocks.

Moreover, lampjugglers, lampdesigners, lampcloners and lampupcloners have finite blocks, so
they have finitely generated blocks.
If a naturally generated halo product has finitely generated blocks, then it has a natural finite

generating set:

Fact 3.5. Let 𝐻 be a finitely generated group and let 𝑆𝐻 be a finite symmetric generating set of
𝐻 . Letℒ𝐻 be a halo product over 𝐻 . Suppose thatℒ𝐻 is naturally generated and has finitely
generated blocks. Then the finite set

𝑆ℒ𝐻 ··= {(1𝐿 (𝐻 ) , 𝑠 ) : 𝑠 ∈ 𝑆𝐻 } ∪
⋃
𝑠 ∈𝑆𝐻

{(𝜎, 1𝐻 ) ∈ ℒ𝐻 : 𝜎 ∈ 𝑆 (𝑠 )}

generatesℒ𝐻 , where 𝑆 (𝑠 ) is any finite generating subset of 𝐿 ({1𝐻 , 𝑠 }). □

Natural generation property turns out to be equivalent to another property, that we call the
decreasing length property and that we now define. This equivalent definition will lead us to a
proof by induction when we will need to check that a given halo product is naturally generated.

Definition 3.6. Let𝐻 be a finitely generated group, with finite generating set 𝑆𝐻 , and letℒ𝐻 be
a halo product over𝐻 . Given a finite subset 𝑅 ⊂ 𝐻 , we define its length as

|𝑅 |𝐻 ··=
∑︁
ℎ∈𝑅

|ℎ |𝐻 .

We say that ℒ𝐻 has the decreasing length property if for every finite subset 𝑅 ⊂ 𝐻 such that
|𝑅 |𝐻 ≥ 2, there exist a positive integer 𝑘 ≥ 1 and 𝑘 subsets 𝑅1, . . . , 𝑅𝑘 of𝐻 such that

• for every 𝑖 ∈ {1, . . . , 𝑛}, one has |𝑅𝑖 |𝐻 < |𝑅 |𝐻 ;
• 𝐿 (𝑅) ≤ ⟨ℎ𝐿 (𝑅𝑖 ) : ℎ ∈ 𝐻 , 1 ≤ 𝑖 ≤ 𝑛⟩.

Here is the proof of the claimed equivalence.

Proposition 3.7. Let𝐻 be a finitely generated group and let 𝑆𝐻 be a finite generating set of𝐻 . Let
ℒ𝐻 be a halo product over𝐻 . The following assertions are equivalent:

(i) ℒ𝐻 is naturally generated.
(ii) ℒ𝐻 has the decreasing length property.

Proof. Assume thatℒ𝐻 is naturally generated. Let 𝑅 be a subset of𝐻 such that |𝑅 |𝐻 ≥ 2. Given
𝜎 ∈ 𝐿 (𝑅), we know that (𝜎, 1𝐻 ) can be written as a product

(𝜎1, ℎ1) . . . (𝜎𝑛 , ℎ𝑛)
with ℎ1, . . . , ℎ𝑛 ∈ 𝐻 and 𝜎1 . . . , 𝜎𝑛 ∈ ⋃

𝑠 ∈𝑆𝐻 𝐿 ({1𝐻 , 𝑠 }) for every 𝑖 ∈ {1, . . . , 𝑛}. The composition
law of the halo product implies that 𝜎 is a product of elements of the form ℎ1 . . . ℎ𝑖−1𝜎𝑖 for 𝑖 ∈
{1, . . . , 𝑛}. Choosing 𝑅1, 𝑅2, . . . as sets {1𝐻 , 𝑠 } for 𝑠 ∈ 𝑆𝐻 , we have proved the decreasing length
property with respect to 𝑅 .
Let us now assume thatℒ𝐻 has the decreasing length property. We first claim that:

Claim 3.8. 𝐿 (𝐻 ) is generated by all the ℎ𝐿 ({1, 𝑠 }), ℎ ∈ 𝐻 , 𝑠 ∈ 𝑆𝐻 .
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Proof of the claim. Since 𝐿 (𝐻 ) is generated by the subgroups 𝐿 (𝑅), for finite subsets 𝑅 ⊂ 𝐻 , it is
enough to show that every such 𝐿 (𝑅) is a subgroup of the subgroup generated by theℎ𝐿 ({1𝐻 , 𝑠 }),
for ℎ ∈ 𝐻 and 𝑠 ∈ 𝑆𝐻 . We prove this fact by induction over the length |𝑅 |𝐻 of 𝑅 . If |𝑅 |𝐻 = 1,
then 𝑅 is included in {1𝐻 , 𝑠 } for some 𝑠 ∈ 𝑆𝐻 , so 𝐿 (𝑅) is a subgroup of 𝐿 ({1, 𝑠 }). Suppose that
|𝑅 |𝐻 ≥ 2. By the decreasing length property, there exist finite subsets 𝑅1, . . . , 𝑅𝑘 of 𝐻 such that
𝐿 (𝑅) is a subgroup of ⟨ℎ𝐿 (𝑅𝑖 ) : ℎ ∈ 𝐻 , 1 ≤ 𝑖 ≤ 𝑘 ⟩ and each 𝑅𝑖 has length less than the one of 𝑅 , so
we conclude by induction. ■

Now, Claim 3.8 ensures that any (𝜎, 1𝐻 ) ∈ ℒ𝐻 can be decomposed as a product of elements
whose first coordinates lie in

⋃
ℎ∈𝐻 , 𝑠 ∈𝑆𝐻 ℎ𝐿 ({1, 𝑠 }). Writing an element ℎ ∈ 𝐻 as ℎ = 𝑠1 . . . 𝑠𝑛 with

𝑠1, . . . , 𝑠𝑛 ∈ 𝑆𝐻 , we get
(ℎ𝐿 ({1, 𝑠 }), 1𝐻 ) = (1𝐿 (𝐻 ) , 𝑠1) . . . (1𝐿 (𝐻 ) , 𝑠𝑛) (𝐿 ({1, 𝑠 }), 1𝐻 ) (1𝐿 (𝐻 ) , 𝑠

−1
𝑛 ) . . . (1𝐿 (𝐻 ) , 𝑠

−1
1 )

where (𝐿 (𝑅), 1𝐻 ) is a shorthand for the set {(𝜎, 1𝐻 ) ∈ ℒ𝐻 : 𝜎 ∈ 𝐿 (𝑅)}. This shows that (𝜎, 1𝐻 )
belongs to the subgroup generated by (1𝐿 (𝐻 ) , 𝑆𝐻 ) ∪

⋃
𝑠 ∈𝑆𝐻 (𝐿 ({1𝐻 , 𝑠 }), 1𝐻 ), as was to be shown. □

Let us point out a simple criterion to check for a haloproduct, and that guarantees thedecreas-
ing length property, and thus the natural generation property.

Definition 3.9. Letℒ𝐻 be a halo product over a finitely generated group𝐻 . We say thatℒ𝐻 has
the gluing property if for any subsets 𝑅, 𝑆 ⊂ 𝐻 such that 𝑅 ∩ 𝑆 ≠ ∅, we have

𝐿 (𝑅 ∪ 𝑆) = ⟨𝐿 (𝑅), 𝐿 (𝑆)⟩.

Example 3.10.
• Wreath products 𝐹 ≀𝐻 , with a group 𝐹 , have the gluing property.
• Lampshufflers also satisfy the gluing property. Indeed, given non disjoint subsets 𝑅, 𝑆 ⊂
𝐻 , it suffices to prove that every transposition 𝜏𝑥,𝑦 supported in 𝑅 ∪ 𝑆 lies in ⟨𝐿 (𝑅), 𝐿 (𝑆)⟩.
If 𝑥 and 𝑦 both lie in 𝑅 (or in 𝑆), it is obvious. Otherwise, let us assume 𝑥 ∈ 𝑅 and 𝑦 ∈ 𝑆 ,
and let us consider 𝑧 ∈ 𝑅 ∩ 𝑆 . Then the conjugation by 𝜏𝑥,𝑧 (which lies in 𝐿 (𝑅)) maps 𝜏𝑥,𝑦
to 𝜏𝑧,𝑦 (which lies in 𝐿 (𝑆)), which proves the claim.

• Lampcloners also have the gluing property, with a proof very similar to the case of lamp-
shufflers: weuse the fact that blocks are generatedby transvections (playing the same role
as the transposition 𝜏𝑥,𝑦 ) and we conjugate by linear automorphisms acting as transposi-
tions on the canonical basis given by𝐻 (as 𝜏𝑥,𝑧 for the lampshuffler).

• However, lampupcloners do not have the gluing property. Here is a counter-example.
Consider the group ℤ with its usual order so that we can see elements of blocks over fi-
nite subsets as upper triangularmatrices with diagonal entries equal to 1. Let us consider
𝑅 = {1, 3} and 𝑆 = {2, 3}. Then we have

𝐿 ({1, 2, 3}) =
©­«

1 𝑎 𝑏

0 1 𝑐

0 0 1

ª®¬ : 𝑎, 𝑏, 𝑐 ∈ 𝕗


and

𝐿 ({1, 2}) =
©­«

1 𝑎 0
0 1 0
0 0 1

ª®¬ : 𝑎 ∈ 𝕗

 , 𝐿 ({1, 3}) =
©­«

1 0 𝑏

0 1 0
0 0 1

ª®¬ : 𝑏 ∈ 𝕗

 ,
but 𝐿 ({1, 2}) and 𝐿 ({1, 3}) generate the group©­«

1 𝑎 𝑏

0 1 0
0 0 1

ª®¬ : 𝑎, 𝑏 ∈ 𝕗


which is a proper subgroup of 𝐿 ({1, 2, 3}).
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Proposition 3.11. Let𝐻 be a finitely generated group and let 𝑆𝐻 be a finite generating set of𝐻 . Let
ℒ𝐻 be a halo product over𝐻 . Ifℒ𝐻 has the gluing property, then it is naturally generated.

Note that, in the case of lampshufflers (more generally lampjugglers) and lampcloners, we re-
cover the finite generating sets we exhibited in Section 3.1.

Proof. We in fact check that the decreasing length property is satisfied and we conclude using
Proposition 3.7. Let 𝑅 be a subset of𝐻 , of length ≥ 2. The case |𝑅 | = 1 is immediate, since we can
write 𝐿 (𝑅) = 𝑟𝐿 ({1𝐻 }), where 𝑅 = {𝑟 }. Assume that 𝑅 has cardinality 2. Let us write 𝑅 = {ℎ1, ℎ2}.
Up to a translation, we can assume thatℎ2 = 1𝐻 and thatℎ1 ≠ 1𝐻 . Thenwewriteℎ1 = 𝑠1 . . . 𝑠𝑛 with
𝑠1, . . . , 𝑠𝑛 ∈ 𝑆𝐻 and we notice that

𝐿 ({1𝐻 , ℎ1}) ⩽ 𝐿 ({1𝐻 , 𝑠1, 𝑠1𝑠2, . . . , 𝑠1 . . . 𝑠𝑛}).

Applying successively the gluing property, the latter is generated by

𝐿 ({1𝐻 , 𝑠1}), 𝐿 ({𝑠1, 𝑠1𝑠2}), . . . , 𝐿 ({𝑠1 . . . 𝑠𝑛−1, 𝑠1 . . . 𝑠𝑛}).

As, for any 1 ≤ 𝑖 ≤ 𝑛, we have 𝐿 ({𝑠1 . . . 𝑠𝑖−1, 𝑠1 . . . 𝑠𝑖 }) = 𝑠1 . . . 𝑠𝑖−1𝐿 ({1𝐻 , 𝑠𝑖 }), it suffices to set 𝑅𝑖 =
{1𝐻 , 𝑠𝑖 } (of length 1) to get the desired property with respect to 𝑅 .
If𝑅 hascardinality greater thanorequal to3, pickany twopointsℎ,ℎ′ ∈ 𝑅 . Letus set𝑅1 = {ℎ,ℎ′}

and 𝑅2 = 𝑅 \ {ℎ′}. Their union equals 𝑅 and they have non-empty intersection, so the gluing
property implies that 𝐿 (𝑅) is generated by 𝐿 (𝑅1) and 𝐿 (𝑅2). Furthermore, |𝑅1 |𝐻 and |𝑅2 |𝐻 are
smaller than |𝑅 |𝐻 since 𝑅1 and 𝑅2 are proper subsets of 𝑅 , so we are done. □

We can prove that some lampupcloners are naturally generated, even though they do not sat-
isfy the gluing property.

Proposition 3.12. Let 𝕗 be a field, let 𝑑 ≥ 1 be an integer, and endow ℤ𝑑 with the lexicographic
order. Then the lampupcloner Upcloner𝕗 (ℤ𝑑 ) is naturally generated.

Proof. Let us first mention that, given a group 𝐻 , transvections in FGL(𝐻 ) behave well with re-
spect to commutators, in the sense that:

(3.1) ∀𝑓 , 𝑟 , 𝑠 ∈ 𝐻 , ∀𝜆, 𝜇 ∈ 𝕗 , 𝜏𝑟 ,𝑓 (−𝜆)𝜏𝑓 ,𝑠 (−𝜇)𝜏𝑟 ,𝑓 (𝜆)𝜏𝑓 ,𝑠 (𝜇) = 𝜏𝑟 ,𝑠 (𝜆).

Our goal is to use this identity when 𝑟 < 𝑓 < 𝑠 , for the transvections to be in FU(𝐻 ).
Let us now prove that Upcloner𝕗 (ℤ𝑑 ) has the decreasing length property, where ℤ𝑑 is endowed

with the lexicographic order andwith its canonical basis {𝑒1, . . . , 𝑒𝑑 } as a finite generating set. Let
𝑅 be a finite subset ofℤ𝑑 , of length ≥ 2, and let us enumerate its elements in an ordered way: 𝑅 =

{𝑟1 < · · · < 𝑟𝑛}, with𝑛 = |𝑅 |. The case |𝑅 | = 1 is immediate sincewecanwrite FU(𝑅) = 𝑟1+FU({0}).
If |𝑅 | ≥ 3, thenwe set𝑅1 = {𝑟1, 𝑟2} and𝑅2 = {𝑟2, 𝑟3, . . . , 𝑟𝑛}, whose lengths are less than the one of𝑅 ,
and we apply (3.1) to 𝑟 = 𝑟1, 𝑓 = 𝑟2 and 𝑟 = 𝑟𝑖 for each 𝑖 ∈ {3, . . . , 𝑛}, to get that FU(𝑅) is generated
by FU(𝑅1) and FU(𝑅2). Let us finally assume that 𝑅 has cardinality 2. Since 𝑟1 < 𝑟2, we can write

𝑟2 − 𝑟1 = (0, . . . , 0, 𝑘𝑖 , 𝑘𝑖+1, . . . , 𝑘𝑑 ),

with 𝑘𝑖 ≥ 1. We know that |𝑟2 − 𝑟1 − 𝑒𝑖 |ℤ𝑑 < |𝑟2 − 𝑟1 |ℤ𝑑 ≤ |𝑟2 |ℤ𝑑 + |𝑟1 |ℤ𝑑 , namely |𝑟2 − 𝑟1 − 𝑒𝑖 |ℤ𝑑 < |𝑅 |ℤ𝑑 .
There are several cases to consider.

(1) If 𝑘𝑖 ≥ 2, then 𝑟2 − 𝑟1 −𝑒𝑖 > 0. We thus have 𝑟1 < 𝑟1 +𝑒𝑖 < 𝑟2, so applying (3.1) to 𝑟 = 𝑟1, 𝑠 = 𝑟2
and 𝑓 = 𝑟1 + 𝑒𝑖 , we get that

FU(𝑅) ⩽ FU({𝑟1, 𝑟1 + 𝑒𝑖 , 𝑟2}) = ⟨𝑟1 + FU({0, 𝑒𝑖 }), 𝑟1 + 𝑒𝑖 + FU({0, 𝑟2 − 𝑟1 − 𝑒𝑖 })⟩.

We are done since we have |{0, 𝑒𝑖 }|ℤ𝑑 = 1 < |𝑅 |ℤ𝑑 and |{0, 𝑟2 − 𝑟1 − 𝑒𝑖 }|ℤ𝑑 < |𝑅 |ℤ𝑑 .
(2) If 𝑟2 − 𝑟1 = 𝑒𝑖 , then FU(𝑅) = 𝑟1 + FU({0, 𝑒𝑖 }) and we are done.
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(3) We finally assume 𝑘𝑖 = 1 and 𝑟2 − 𝑟1 ≠ 𝑒𝑖 , so that we can define 𝑖0 ··=min {𝑗 ≥ 𝑖 + 1 : 𝑘 𝑗 ≠ 0}.
Let us set ℎ ··= 𝑒𝑖 + (𝑘𝑖0 − 1)𝑒𝑖0 . We have

(𝑟2 − 𝑟1 − ℎ)𝑗 =


(𝑟2 − 𝑟1)𝑗 if 𝑗 ∈ {1, . . . , 𝑑} \ {𝑖 , 𝑖0}
0 if 𝑗 = 𝑖
1 if 𝑗 = 𝑖0

,

so that 𝑟2 − 𝑟1 − ℎ > 0 and |𝑟2 − 𝑟1 − ℎ |ℤ𝑑 < |𝑟2 − 𝑟1 |ℤ𝑑 ≤ |𝑅 |ℤ𝑑 . We also have ℎ > 0, so we get

FU(𝑅) ⩽ 𝐿 ({𝑟1, 𝑟1 + ℎ, 𝑟2}) ⩽ ⟨𝑟1 + FU({0, ℎ}), 𝑟1 + ℎ1 + FU({0, 𝑟2 − 𝑟1 − ℎ})⟩

with the same techniques, and we similarly claim that we are done.
So Upcloner𝕗 (ℤ𝑑 ) satisfies the decreasing length property. □

3.2.3. Growth of lamps.

We conclude this section by recalling an important definition from [GT24a], that of the lamp
growth sequence associated to a halo product. In order to define this sequence, we need an addi-
tional mild assumption on our halo products.

Definition 3.13. Let𝐻 be a group. We say that a halo productℒ over𝐻 is consistent if it has finite
blocks and if, for any finite subset 𝑆 ⊂ 𝐻 , the cardinality of 𝐿 (𝑆) only depends on the cardinality
of 𝑆 .

In practice, consistent halo products encompass all classes we are interested in, amongwhich
lamplighters, lampjugglers, lampdesigners, lampcloners and lampupcloners.

Definition 3.14. Letℒ𝐻 be a consistent halo product over a group𝐻 . The lamp growth sequence
ofℒ𝐻 is the function Λℒ𝐻 : ℕ −→ ℕ defined by

Λℒ𝐻 : 𝑛 ↦−→ |𝐿 (𝑆) |, where |𝑆 | = 𝑛.

This sequence iswell-defined sinceℒ is consistent. It has been computed in [GT24a] formany
haloproducts, suchas lamplighters, lampshufflers, lampdesigners, lampcloners and 2−nilpotent
wreath products. For instance, for any group 𝐻 and finite group 𝐹 , one has Λ𝐹 ≀𝐻 (𝑛) = |𝐹 |𝑛 ,
ΛShuffler𝑟 (𝐻 ) (𝑛) = (𝑟𝑛)! and ΛDesigner𝐹 (𝐻 ) (𝑛) = |𝐹 |𝑛𝑛!. Moreover, given a finite field 𝕗 , we have

ΛCloner𝕗 (𝐻 ) (𝑛) =
𝑛−1∏
𝑖=0

( |𝕗 |𝑛 − |𝕗 |𝑖 )

and, if𝐻 is a totally ordered group,

ΛUpcloner𝕗 (𝐻 ) (𝑛) =
𝑛−1∏
𝑖=1

|𝕗 |𝑖 = |𝕗 |
𝑛 (𝑛−1)

2 .

In fact, it turns out that the asymptotic behaviour of this sequence is invariant under a special
class of quasi-isometries (and more generally coarse embeddings), referred to in [GT24a] as ap-
tolic quasi-isometries. As proved in [GT24a], under additional assumptions, any quasi-isometry
between two halo products is aptolic (up to finite distance). Thus, for these halo products, the
asymptotic behaviour of the lamp growth sequence is an invariant of quasi-isometry.
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4. ESTIMATES OF THE FØLNER FUNCTIONS OF HALO PRODUCTS

4.1. A general upper bound on the Følner functions: finding almost invariant functions.

In this section, we provide an upper bound on the ℓ𝑝-Følner function of many halo products,
suchas lampshufflers, lampjugglers, lampdesigners, lampclonersor lampupclonersoverℤ𝑑 . The
ℓ𝑝-Følner functionof afinitely generated group𝐺 being an infimumoverfinitely supported func-
tions𝐺 −→ ℝ, the strategy is to exhibit "good" such functions, namely almost invariant functions.
This constitutes the first step towards proving Theorem E.
Observe that, if𝐻 is an amenable group, thenℒ𝐻 is amenable if and only if 𝐿 (𝐻 ) is amenable,

and the latter is often true regardless of 𝐻 . For instance, if blocks are finite, then 𝐿 (𝐻 ) is locally
finite and thus amenable. This is the casewhenℒ𝐻 is a lamplighter 𝐹 ≀𝐻 (i.e. 𝐹 is finite), a lamp-
shuffler Shuffler(𝐻 ), a lampclonerCloner𝕗 (𝐻 ) over a finite field 𝕗 , or a lampupclonerUpcloner𝕗 (𝐻 ).
Therefore, we know that almost invariant functions exist when our halo product has finite

blocks. Here our goal is, in particular, to construct a suitable sequence of almost invariant func-
tions for our halo product from such a sequence for the base group 𝐻 . The estimates we can
derive enable us to prove the following.

Proposition 4.1. Let𝐻 be a finitely generated amenable group, and letℒ𝐻 be a halo product over
𝐻 . Suppose thatℒ𝐻 is naturally generated and has consistent blocks. Then, for any 𝑝 ≥ 1, there
exists a constant𝐶 > 0 such that

Føl𝑝,ℒ𝐻 (𝑥) ≼ Føl𝑝,𝐻 (𝑥) · Λℒ𝐻 (𝐶 · Føl𝑝,𝐻 (𝑥)),
where Λℒ𝐻 is the lamp growth sequence ofℒ𝐻 .

The proof is inspired by the one of [SCZ21].

Proof. As usual, denote 𝑆𝐻 a finite generating set for𝐻 . By assumption, the subset

𝑆ℒ𝐻 =
{
(1𝐿 (𝐻 ) , 𝑠 ) : 𝑠 ∈ 𝑆𝐻

}
∪

⋃
𝑠 ∈𝑆𝐻

{(𝜎𝑠 , 1𝐻 ) : 𝜎 ∈ 𝐿 ({1𝐻 , 𝑠 })}

generatesℒ𝐻 . Let ( 𝑓𝑛)𝑛≥0 be a sequence of functions𝐻 −→ ℝ that realises Føl𝑝,𝐻 , i.e. Føl𝑝,𝐻 (𝑛) =
|supp 𝑓𝑛 | and

∥∇𝑆𝐻 𝑓𝑛 ∥𝑝
∥ 𝑓𝑛 ∥𝑝 ≤ 1

𝑛
for any 𝑛 ≥ 0. Given 𝑛 ≥ 0, set

𝑈𝑛 ··= supp 𝑓𝑛 , 𝑉𝑛 ··=
⋃
𝑠 ∈𝑆𝐻

𝑈𝑛𝑠

and
𝑔𝑛 : ℒ𝐻 −→ ℝ

(𝜎,ℎ) ↦−→ 𝑓𝑛 (ℎ)1𝜎∈𝐿 (𝑉𝑛 )
.

Let (𝜎,ℎ) ∈ ℒ𝐻 , 𝑠 ∈ 𝑆𝐻 and 𝜎𝑠 ∈ 𝐿 ({1, 𝑠 }). The composition law of ℒ𝐻 directly implies that
(𝜎,ℎ) (1𝐿 (𝐻 ) , 𝑠 ) = (𝜎,ℎ𝑠 ) and (𝜎,ℎ) (𝜎𝑠 , 1𝐻 ) = (𝜎 (ℎ · 𝜎𝑠 ), ℎ). This implies that

𝑔
(
(𝜎,ℎ) (1𝐿 (𝐻 ) , 𝑠 )

)
− 𝑔 (𝜎,ℎ) = ( 𝑓 (ℎ𝑠 ) − 𝑓 (ℎ))1𝜎∈𝐿 (𝑉𝑛 )

as well as
𝑔 ((𝜎,ℎ) (𝜎𝑠 , 1𝐻 )) − 𝑔 (𝜎,ℎ) = 0

using that 𝜎 ∈ 𝐿 (𝑉 ) if and only if 𝜎 (ℎ · 𝜎𝑠 ) ∈ 𝐿 (𝑉 ) when ℎ ∈ 𝑈𝑛 . We thus have

∥∇𝑆ℒ𝐻
𝑔𝑛 ∥𝑝𝑝 =

∑︁
(𝜎,ℎ ) ∈ℒ𝐻

∑︁
𝑠 ∈𝑆𝐻

|𝑔𝑛
(
(𝜎,ℎ) (1𝐿 (𝐻 ) , 𝑠 ))

)
− 𝑔𝑛 ((𝜎,ℎ)) |𝑝

=
∑︁

(𝜎,ℎ ) ∈ℒ𝐻

∑︁
𝑠 ∈𝑆𝐻

| ( 𝑓 (ℎ𝑠 ) − 𝑓 (ℎ))1𝜎∈𝐿 (𝑉𝑛 ) |𝑝

= |𝐿 (𝑉𝑛) | · ∥∇𝑆𝐻 𝑓𝑛 ∥
𝑝
𝑝 .
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We also have
∥𝑔𝑛 ∥𝑝𝑝 = |𝐿 (𝑉𝑛) | · ∥ 𝑓𝑛 ∥𝑝𝑝 .

We finally get
∥∇𝑆ℒ𝐻

𝑔𝑛 ∥𝑝
∥𝑔𝑛 ∥𝑝

=
∥∇𝑆𝐻 𝑓𝑛 ∥𝑝
∥ 𝑓𝑛 ∥𝑝

≤ 1

𝑛

so, by the definition of the ℓ𝑝-Følner function, it follows that

Føl𝑝,ℒ𝐻 (𝑛) ≤ |supp 𝑔𝑛 | = |𝐿 (𝑉𝑛) | · |𝑈𝑛 | = |𝑈𝑛 | · Λℒ𝐻 ( |𝑉𝑛 |) ≤ Føl𝑝,𝐻 (𝑛) · Λℒ𝐻

(
|𝑆𝐻 | · Føl𝑝,𝐻 (𝑛)

)
.

This concludes the proof. □

4.2. A general lower bound on the Følner functions: finding lamplighter subgraphs.

The goal of this section is to find a lower bound of the ℓ𝑝-Følner function of a halo product.
In Section 5, we deduce, for specific cases, an upper bound of the ℓ𝑝-isoperimetric profile which
will often be optimal.
Here is then the general statement.

Theorem4.2. Let𝐻 beafinitely generatedamenable groupand let𝑆𝐻 beafinite generating set. Let
ℒ𝐻 be a naturally generated and large-scale commutative halo product having finitely generated
blocks. Then, for any 𝑝 ≥ 1 and any 𝑠0 ∈ 𝑆𝐻 , there exists a constant𝐶 > 0 such that

Føl𝑝,ℒ𝐻 (𝑥) ≽
(
Føl𝐿 ({1𝐻 ,𝑠0}) (𝑥)

)𝐶Føl𝐻 (𝑥 )
.

In the particular case of a halo product with finite blocks, we thus get

Føl𝑝,ℒ𝐻 (𝑥) ≽ 𝐾 Føl𝐻 (𝑥 )

for some positive constant 𝐾 > 0 and any 𝑝 ≥ 1.
The following lemma will allow us to reduce to the case 𝑝 = 1. This is a well-known result on

isoperimetric profiles,mentioned in [Cou00], which states that for every finitely generated group
𝐺 , 𝑗𝑝,𝐺 is monotonuous in the variable 𝑝 ≥ 1 for the order given by ≼. Here we state it in terms of
Følner functions andweprovide aproof for the sake of completeness. Recall that it is conjectured
that the asymptotic behaviour of 𝑗𝑝,𝐺 does not depend on 𝑝 .

Lemma 4.3 (Folklore). Let𝐺 be a finitely generated group and let 𝑝, 𝑞 be real numbers such that
𝑝 > 𝑞 ≥ 1. Then we have Føl𝑝,𝐺 (𝑥) ≽ Føl𝑞,𝐺 (𝑥).

For Theorem 4.2, we will apply this lemma to 𝑞 = 1.

Proof. Let 𝑓 : 𝐺 −→ ℝ be a finitely supported function, and consider the function ℎ ··= | 𝑓 |𝑣 where
𝑣 ··= 𝑝

𝑞
> 1. Using the inequality |𝑎𝑣 − 𝑏𝑣 | ≤ 𝑣 max (𝑎, 𝑏)𝑣−1 |𝑎 − 𝑏 | that holds for every positive real

numbers 𝑎, 𝑏 ≥ 0, we get

∥∇𝑆𝐺ℎ∥
𝑞
𝑞 =

∑︁
𝑔 ∈𝐺, 𝑠 ∈𝑆𝐺

|ℎ (𝑔 ) − ℎ (𝑔 𝑠 ) |𝑞

≤ 𝑣𝑞
∑︁

𝑔 ∈𝐺, 𝑠 ∈𝑆𝐺
| 𝑓 (𝑔 ) |𝑞 (𝑣−1)

��| 𝑓 (𝑔 ) | − | 𝑓 (𝑔 𝑠 ) |
��𝑞 + 𝑣𝑞 ∑︁

𝑔 ∈𝐺, 𝑠 ∈𝑆𝐺
| 𝑓 (𝑔 𝑠 ) |𝑞 (𝑣−1)

��| 𝑓 (𝑔 ) | − | 𝑓 (𝑔 𝑠 ) |
��𝑞

≤ 𝑣𝑞
∑︁

𝑔 ∈𝐺, 𝑠 ∈𝑆𝐺
| 𝑓 (𝑔 ) |𝑞 (𝑣−1) | 𝑓 (𝑔 ) − 𝑓 (𝑔 𝑠 ) |𝑞 + 𝑣𝑞

∑︁
𝑔 ∈𝐺, 𝑠 ∈𝑆𝐺

| 𝑓 (𝑔 𝑠 ) |𝑞 (𝑣−1) | 𝑓 (𝑔 ) − 𝑓 (𝑔 𝑠 ) |𝑞 .
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Setting 𝑃 =
𝑝
𝑞
and𝑄 =

𝑝
𝑝−𝑞 , we have

1
𝑃
+ 1

𝑄
= 1, and Hölder’s inequality provides

∑︁
𝑔 ∈𝐺, 𝑠 ∈𝑆𝐺

| 𝑓 (𝑔 ) |𝑞 (𝑣−1) | 𝑓 (𝑔 ) − 𝑓 (𝑔 𝑠 ) |𝑞 ≤ ©­«
∑︁

𝑔 ∈𝐺, 𝑠 ∈𝑆𝐺
| 𝑓 (𝑔 ) |𝑄𝑞 (𝑣−1)ª®¬

1
𝑄 ©­«

∑︁
𝑔 ∈𝐺, 𝑠 ∈𝑆𝐺

| 𝑓 (𝑔 ) − 𝑓 (𝑔 𝑠 ) |𝑃𝑞ª®¬
1
𝑃

=
©­«

∑︁
𝑔 ∈𝐺, 𝑠 ∈𝑆𝐺

| 𝑓 (𝑔 ) |𝑝ª®¬
𝑝−𝑞
𝑝 ©­«

∑︁
𝑔 ∈𝐺, 𝑠 ∈𝑆𝐺

| 𝑓 (𝑔 ) − 𝑓 (𝑔 𝑠 ) |𝑝ª®¬
𝑞
𝑝

= |𝑆𝐺 |
𝑝−𝑞
𝑝 · ∥ 𝑓 ∥𝑝−𝑞𝑝 · ∥∇𝑆𝐺 𝑓 ∥

𝑞
𝑝

and similarly for
∑
𝑔 ∈𝐺, 𝑠 ∈𝑆𝐺 | 𝑓 (𝑔 𝑠 ) |𝑞 (𝑣−1) | 𝑓 (𝑔 ) − 𝑓 (𝑔 𝑠 ) |𝑞 , so that we get

∥∇𝑆𝐺ℎ∥𝑞 ≤ 2
1
𝑞 · |𝑆𝐺 |

𝑝−𝑞
𝑝𝑞 · 𝑣 · ∥ 𝑓 ∥

𝑝−𝑞
𝑞

𝑝 · ∥∇𝑆𝐺 𝑓 ∥𝑝
which in turn implies

∥∇𝑆𝐺ℎ∥𝑞
∥ℎ∥𝑞

≤ 2
1
𝑞 · |𝑆𝐺 |

𝑝−𝑞
𝑝𝑞 · 𝑣 ·

∥∇𝑆𝐺 𝑓 ∥𝑝
∥ 𝑓 ∥𝑝

since ∥ℎ∥𝑞𝑞 = ∥ 𝑓 ∥𝑝𝑝 . This inequality holds for every finitely supported function 𝑓 : 𝐺 −→ ℝ, namely
we proved that for every such 𝑓 , this inequality holds for some ℎ : 𝐺 −→ ℝ having the same sup-
port, so the statement follows directly from the definition of Følner functions. □

We nowmove on to the proof of Theorem 4.2. At first reading, the reader may look at Appen-
dixA,where the strategy is tofind"good" lamplighters as subgroupsof a lampshufflerShuffler(𝐻 ),
namely a lamplighter group based on a finitely generated subgroup 𝐾 of 𝐻 having the same
isoperimetric profile as𝐻 . This is achievedwith some algebraic assumptions on the finitely gen-
erated group𝐻 , covering a large class of groups. Wefinally concludeusing the result analogous to
Theorem 2.2 for the Følner function. Moreover, this first strategy provides an interesting frame-
work since the algebraic assumptions on the base group𝐻 are stable inmany cases when taking
iterations of lampshufflers; see Remark A.6 and Proposition A.7.
In this section, we focus on a less restrictive substructure than subgroups, namely subgraphs.

The strategy is to find some subgraph𝑋0 of𝐻 , quasi-isometric to it, playing the role of a subgroup
𝐾 as described in the above first strategy, and a lamplighter graph on 𝑋0 as a subgraph ofℒ𝐻 , in
such a manner that we can prove the monotonocity of the Følner function in this context, as in
Theorem 2.2. We conclude thanks to the lower bounds for the Følner functions of lamplighter
graphs obtained in [Ers06].

Lamplighter graphs. Let 𝐴 and 𝐵 be two graphs, with a base vertex 𝑏0 in 𝐵 . Given amap 𝑓 : 𝐴 −→
𝐵 , we define its support by supp 𝑓 ··= {𝑎 ∈ 𝐴 : 𝑓 (𝑎) ≠ 𝑏0}. The lamplighter graph of 𝐵 and 𝐴,
denoted by 𝐵 ≀ 𝐴, is the graph

• whose vertices are pairs ( 𝑓 , 𝑎), where 𝑎 is a vertex of 𝐴 and 𝑓 : 𝐴 −→ 𝐵 has finite support;
• whose edges connect ( 𝑓 , 𝑎) and ( 𝑓 ′, 𝑎 ′) if either 𝑎 = 𝑎 ′, 𝑓 (𝑎) ∼𝐵 𝑓 ′(𝑎) and 𝑓 (𝑣 ) = 𝑓 ′(𝑣 ) for
every 𝑣 ∈ 𝐴 \ {𝑎}, or if 𝑓 = 𝑓 ′ and 𝑎 ∼𝐴 𝑎 ′.

In the case where the graphs 𝐴 and 𝐵 are Cayley graphs of finitely generated groups𝐺 and 𝐻
respectively, we recover a Cayley graph of the wreath product𝐻 ≀𝐺 .
Let us now prove Theorem 4.2 within this framework, using the following lower bound proved

by Erschler [Ers06]: there exists𝐶 > 0 such that

Føl𝐵 ≀𝐴 (𝑥) ≽ (Føl𝐵 (𝑥))𝐶Føl𝐴 (𝑥 ) .
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Proof of Theorem 4.2. By Lemma4.3, we have Føl𝑝,ℒ𝐻 (𝑥) ≽ Følℒ𝐻 (𝑥), so it is enough to prove the
theorem for 𝑝 = 1.
Given a connected graph 𝑌 , we denote by 𝑑𝑌 (·, ·) its path metric. When considering a finitely

generated group 𝐻 = ⟨𝑆⟩, we write 𝑑𝐻 ,𝑆 (·, ·) for the path metric on its Cayley graph Cay(𝐻 ,𝑆)
(identified with𝐻 itself), to specify the choice of a finite generating subset 𝑆 .
Now, let us fix a finite generating set 𝑆 of𝐻 , a constant𝐷 ≥ 0 of large-scale commutativity for

ℒ𝐻 , and let us consider 𝑆2𝐷+5 ··= {𝑠1𝑠2 . . . 𝑠2𝐷+5 : 𝑠𝑖 ∈ 𝑆 ∪ {1𝐻 }}. Note that, for every 𝑥, 𝑦 ∈ 𝐻 , we
have the equivalence

𝑑𝐻 ,𝑆 (𝑥, 𝑦 ) ≤ 2𝐷 + 5 ⇐⇒ 𝑑𝐻 ,𝑆2𝐷+5 (𝑥, 𝑦 ) ≤ 1.

Let𝑋0 beamaximal (𝐷+2)-separated subset of𝐻 , for themetric𝑑𝐻 ,𝑆 , and let us endow𝑋0with the
graph structure induced by 𝑑𝐻 ,𝑆2𝐷+5 , namely 𝑥, 𝑦 ∈ 𝑋0 are adjacent if and only if 𝑑𝐻 ,𝑆2𝐷+5 (𝑥, 𝑦 ) = 1.
It is straightforward to see that (𝑋0, 𝑑𝑋0,𝑆2𝐷+5) is a subgraph of (𝐻 ,𝑑𝐻 ,𝑆2𝐷+5). In addition, we also
have the following.

Claim 4.4. The graphs (𝑋0, 𝑑𝑋0,𝑆2𝐷+5) and (𝐻 ,𝑑𝐻 ,𝑆2𝐷+5) are quasi-isometric.

Proof of the claim. Let us prove that the natural inclusion𝑋0 ↩→ 𝐻 is a quasi-isometry. First of all,
bymaximality, 𝑋0 is (𝐷 + 2)-dense in (𝐻 ,𝑑𝑆 ), and this directly implies 𝑑𝐻 ,𝑆2𝐷+5 (ℎ, 𝑋0) ≤ 1 for every
ℎ ∈ 𝐻 .
Let 𝑥, 𝑦 ∈ 𝑋0. It is straightforward to show that 𝑑𝑋0,𝑆2𝐷+5 (𝑥, 𝑦 ) ≥ 𝑑𝐻 ,𝑆2𝐷+5 (𝑥, 𝑦 ). The other way

around, let 𝑛 ··= 𝑑𝐻 ,𝑆2𝐷+5 (𝑥, 𝑦 ). By definition, there exist points
𝑥0 = 𝑥, 𝑥1, . . . , 𝑥𝑛−1, 𝑥𝑛 = 𝑦 ∈ 𝐻

such that 𝑑𝐻 ,𝑆2𝐷+5 (𝑥𝑖 , 𝑥𝑖+1) = 1 for every 𝑖 ∈ {0, 1, . . . , 𝑛 − 1}. Given such an index 𝑖 , the definition
of 𝑆2𝐷+5 implies that there exist points

𝑥𝑖 ,0 = 𝑥𝑖 , 𝑥𝑖 ,1, . . . , 𝑥𝑖 ,2𝐷+4, 𝑥𝑖 ,2𝐷+5 = 𝑥𝑖+1 ∈ 𝐻
such that 𝑑𝐻 ,𝑆 (𝑥𝑖 ,𝑗 , 𝑥𝑖 ,𝑗+1) ≤ 1 for every 𝑗 ∈ {0, 1, . . . , 2𝐷 + 4}. Sincewe have 𝑥𝑖 ,2𝐷+5 = 𝑥𝑖+1,0 for every
𝑖 ∈ {0, 1, . . . , 𝑛 − 1}, we have found a path of length ≤ (2𝐷 + 5)𝑛 in (𝐻 ,𝑑𝑆 ) that connects 𝑥 to 𝑦 .
Approximating every vertex of this path by an element of 𝑋0 within 𝑑𝐻 ,𝑆-distance less than𝐷 + 2
(𝑥 and 𝑦 being approximated by themselves), we get a sequence

𝑤0 = 𝑥,𝑤1, . . . ,𝑤 (2𝐷+5)𝑛−1,𝑤 (2𝐷+5)𝑛 = 𝑦

of elements in 𝑋0 satisfying 𝑑𝐻 ,𝑆 (𝑤𝑖 ,𝑤𝑖+1) ≤ 2(𝐷 + 2) + 1 = 2𝐷 + 5, whence 𝑑𝐻 ,𝑆2𝐷+5 (𝑤𝑖 ,𝑤𝑖+1) ≤ 1.
This way, we get a path from 𝑥 to 𝑦 , of length ≤ (2𝐷 + 5)𝑛, in (𝑋0, 𝑑𝑆2𝐷+5). Thus

𝑑𝑋0,𝑆2𝐷+5 (𝑥, 𝑦 ) ≤ (2𝐷 + 5) · 𝑑𝐻 ,𝑆2𝐷+5 (𝑥, 𝑦 )
and the proof of the claim is complete. ■

Let us fix some distinguished generator 𝑠0 ∈ 𝑆 \ {1𝐻 }. By (𝐷 + 2)-separation, for every 𝑥 ∈ 𝑋0,
𝑥𝑠0 does not lie in 𝑋0, and large-scale commutativity thus implies that the groups 𝐿 ({𝑥, 𝑥𝑠0}), for
𝑥 ∈ 𝑋0, commute. Let us now introduce the subgroup T of 𝐿 (𝐻 ) defined by

T ··=
{∏
𝑥∈𝐼

𝜎𝑥 : 𝐼 ⊂ 𝑋0 is finite, 𝜎𝑥 ∈ 𝐿 ({𝑥, 𝑥𝑠0})
}
=

⊕
𝑥∈𝑋0

𝐿 ({𝑥, 𝑥𝑠0}) =
⊕
𝑥∈𝑋0

𝛼 (𝑥)𝐿 ({1𝐻 , 𝑠0}).

Sinceℒ𝐻 has finitely generated blocks, we can fix a finite generating subset 𝑆 (𝑠0) of 𝐿 ({1𝐻 , 𝑠0}).
Let us now consider the set𝑌★ ··= T ×𝑋0 equippedwith a graph structurewhere two vertices (𝜌, 𝑥)
and (𝜌 ′, 𝑥 ′) of𝑌★ are adjacent if

• either 𝑥 = 𝑥 ′ and 𝜌−1𝜌 ′ = 𝛼 (𝑥) (𝜎) for some 𝜎 ∈ 𝑆 (𝑠0);
• or 𝜌 = 𝜌 ′ and 𝑑𝑋0,𝑆2𝐷+5 (𝑥, 𝑥 ′) = 1,

which can be reformulated as
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• either (𝜌, 𝑥) (𝜎, 1𝐻 ) = (𝜌 ′, 𝑥 ′), for some 𝜎 ∈ 𝑆 (𝑠0);
• or (𝜌, 𝑥) (id𝐻 , ℎ) = (𝜌 ′, 𝑥 ′), where ℎ lies in 𝑆2𝐷+5.

Note that the graph 𝑌★ is isomorphic to the lamplighter graph 𝐿 ({1𝐻 , 𝑠0}) ≀ 𝑋0. Thus, we endow
ℒ𝐻 with the finite generating set 𝑆ℒ𝐻 given by

𝑆ℒ𝐻 ··= {(𝜎, 1𝐻 ) : 𝜎 ∈ 𝑆 (𝑠0)} ∪ {(1𝐿 (𝐻 ) , ℎ) : ℎ ∈ 𝑆2𝐷+5}.

Now, let us consider the partition of 𝐿 (𝐻 ) in T -cosets:

𝐿 (𝐻 ) =
⊔
𝑐 ∈𝐶

𝜅𝑐T

with𝜅𝑐0 = 1𝐿 (𝐻 ) for the index 𝑐0 ∈ 𝐶 of the coset T . For every 𝑐 ∈ 𝐶 , let us consider the subset

𝑌𝑐 ··= (𝜅𝑐T) ×𝐻 ,

equipped with a graph structure where two vertices (𝜅𝑐 𝜌, 𝑥) and (𝜅𝑐 𝜌 ′, 𝑥 ′) are adjacent if
• either 𝑥 = 𝑥 ′, 𝑥 lies in 𝑋0 and 𝜌−1𝜌 ′ = 𝛼 (𝑥) (𝜎) for some 𝜎 ∈ 𝑆 (𝑠0), namely (𝜅𝑐 𝜌, 𝑥) (𝜎, 1𝐻 ) =

(𝜅𝑐 𝜌 ′, 𝑥 ′);
• or 𝜌 = 𝜌 ′ and 𝑑𝐻 ,𝑆2𝐷+1 (𝑥, 𝑥 ′) = 1, namely (𝜅𝑐 𝜌, 𝑥) (1𝐿 (𝐻 ) , ℎ) = (𝜅𝑐 𝜌 ′, 𝑥 ′) where ℎ lies in 𝑆2𝐷+1.

By definition of 𝑆ℒ𝐻 , (𝑌𝑐 )𝑐 ∈𝐶 is a family of subgraphs of (ℒ𝐻 ,𝑑𝑆ℒ𝐻
) partitioning the set of its ver-

tices. Moreover the graph𝑌𝑐 is the left translation by (𝜅𝑐 , 1𝐻 ) of the graph𝑌𝑐0 . These observations
imply

Følℒ𝐻 (𝑛) ≽ Føl𝑌𝑐0 (𝑛),

as an immediate adaptation of [Ers03]. The next claim is the final step required for the proof.

Claim 4.5. The graph𝑌𝑐0 is quasi-isometric to𝑌★.

Proof of the claim. The proof relies on the same technique as in the proof of Claim 4.4. We prove
that 𝑌★ ↩→ 𝑌𝑐0 is a quasi-isometry. The 1-density of its image is straightforward, as well as the
inequality

𝑑𝑌★ ((𝜌, 𝑥), (𝜌 ′, 𝑥 ′)) ≥ 𝑑𝑌𝑐0 ((𝜌, 𝑥), (𝜌
′, 𝑥 ′))

for every (𝜌, 𝑥), (𝜌 ′, 𝑥 ′) ∈ 𝑌★.
The other way around, notice that edges of a path of length 𝑛 ··= 𝑑𝑌𝑐0 ((𝜌, 𝑥), (𝜌

′, 𝑥 ′)) in𝑌𝑐0 con-
sists in either modifying the permutation on the first coordinate, or moving the arrow pointing
at some element of 𝐻 in the second coordinate. Thus, with the same ideas as in the proof of
Claim 4.4, it suffices to approximate elements in the second coordinate by elements of𝑋0, so that
we get a new path in𝑌★ of length ≤ (2𝐷 + 5)𝑛. This concludes the proof. ■

Combining the above claims, we finally get that

Følℒ𝐻 (𝑛) ≽ Føl𝑌𝑐0 (𝑛) ≃ Føl𝑌★ (𝑛) ≃ Føl𝐿 ({1𝐻 ,𝑠0})≀𝑋0 (𝑛)

and the latter dominates
(
Føl𝐿 ({1𝐻 ,𝑠0}) (𝑛)

)𝐶 ′Føl𝑋0 (𝑛 ) , for some constant𝐶 ′ > 0, using [Ers06]. From
Claim 4.4, Føl𝑋0 is asymptotically equivalent to Føl𝐻 , and thus

Følℒ𝐻 (𝑛) ≽
(
Føl𝐿 ({1𝐻 ,𝑠0}) (𝑛)

)𝐶Føl𝐻 (𝑛 )

for some constant𝐶 > 0. □
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5. ESTIMATES OF ISOPERIMETRIC PRO�LES FOR SOME EXAMPLES OF HALO PRODUCTS

The goal of this section is to establish our estimates of ℓ𝑝-isoperimetric profiles of many halo
products and their iterated versions, applying our estimates on Følner functions. Here we use
the fact that the ℓ𝑝-Følner function and the ℓ𝑝-isoperimetric profile are generalized inverses of
each other, and even that wemay assumewithout loss of generality that they are inverses of each
other, using Remark 2.1.
Recall that we proved in the previous section the following.

Theorem 5.1 (see Proposition 4.1 and Theorem 4.2). Let 𝑝 ≥ 1. Let 𝐻 be a finitely generated
amenable groupand let𝑆𝐻 be afinite generating set. Letℒ𝐻 be anaturally generatedhalo product
over𝐻 .

(i) Ifℒ𝐻 is large-scale commutative and has finitely generated blocks, then for any 𝑠0 ∈ 𝑆𝐻 ,
there exists a constant𝐶 > 0 such that(

Føl𝐿 ({1𝐻 ,𝑠0}) (𝑥)
)𝐶Føl𝐻 (𝑥 ) ≼ Føl𝑝,ℒ𝐻 (𝑥).

(ii) Ifℒ𝐻 has consistent blocks, then there exists a constant𝐶 > 0 such that
Føl𝑝,ℒ𝐻 (𝑥) ≼ Føl𝑝,𝐻 (𝑥) · Λℒ𝐻 (𝐶 · Føl𝑝,𝐻 (𝑥)).

As an easy consequence, ifℒ𝐻 is large-scale commutative, naturally generated and has con-
sistent blocks, then its Følner function satisfies

𝐾 Føl𝐻 (𝑥 ) ≼ Føl𝑝,ℒ𝐻 (𝑥) ≼ Føl𝑝,𝐻 (𝑥) · Λℒ𝐻 (𝐶 · Føl𝑝,𝐻 (𝑥))
for some positive constants𝐶 , 𝐾 > 0.
Let us first discuss a terminology that will be useful for our main results.

5.1. Assumption (★).

Definition 5.2. We say that a non-decreasingmap ℎ : ℝ+ −→ ℝ+ satisfies Assumption (★) if
∀𝐶 > 0, ℎ (𝐶𝑥) =𝑂 (ℎ (𝑥)).

Assumption (★) already appeared in the literature [Ers03; Corr24] in the case where ℎ = 𝑗𝑝,𝐻
is the ℓ𝑝-isoperimetric profile of a finitely generated group𝐻 , and it seems that 𝑗𝑝,𝐻 satisfies this
assumption formany choices of groups𝐻 . In fact, to our knowledge, there is currently no known
example of a finitely generated group whose ℓ𝑝-isoperimetric profiles do not satisfy Assump-
tion (★).
First, let us record in a statement an easy implication of Assumption (★).

Lemma 5.3. Let ℎ : ℝ+ −→ ℝ+ be a non-decreasing map satisfying Assumption (★). Let
𝑓 , 𝑔 : ℝ+ −→ ℝ+ be unbounded non-decreasingmaps such that 𝑓 (𝑥) ≼ 𝑔 (𝑥). Then one has

ℎ ( 𝑓 (𝑥)) ≼ ℎ (𝑔 (𝑥)).

Proof. By assumption, 𝑓 (𝑥) ≼ 𝑔 (𝑥), so there is a constant𝐶 > 0 such that
𝑓 (𝑥) ≤ 𝐶 𝑔 (𝐶𝑥)

for all 𝑥 large enough. As ℎ is non-decreasing, we thus get
ℎ ( 𝑓 (𝑥)) ≤ ℎ (𝐶 𝑔 (𝐶𝑥)).

Now, we use ℎ (𝐶𝑦 ) =𝑂 (ℎ (𝑦 )) to deduce that there is a constant 𝐾 > 0 such that
ℎ ( 𝑓 (𝑥)) ≤ ℎ (𝐶 𝑔 (𝐶𝑥)) ≤ 𝐾ℎ (𝑔 (𝐶𝑥))

for all 𝑥 large enough. Thus ℎ ( 𝑓 (𝑥)) ≼ ℎ (𝑔 (𝑥)) and we are done. □
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Another useful claim is the following.

Lemma 5.4. Let 𝑓 , 𝑔 , 𝜑 : [1,+∞[ −→ [1,+∞[ be three non-decreasing maps, with 𝜑 injective and
satisfying 𝜑 (𝑥) →

𝑥→+∞
+∞. Assume that there exists a positive constant𝐷 > 0 such that

𝑔 (𝑥) ≼ 𝑓 (𝐷𝜑 (𝑥)).
Then we have

𝑔 (𝐾 𝜑−1(𝑥)) ≼ 𝑓 (𝑥)
for some positive constant 𝐾 > 0. If furthermore 𝑔 satisfies Assumption (★), then we have

𝑔 (𝜑−1(𝑥)) ≼ 𝑓 (𝑥).

Proof. By assumption, there exists a positive constant𝐶 > 0 such that
𝑔 (𝑥) ≤ 𝐶 𝑓 (𝐷𝜑 (𝐶𝑥))

for all 𝑥 large enough. Let 𝑥 be a real number greater than𝐷𝜑 (𝐶 ), and let𝑛 ≥ 1 be an integer such
that𝐷𝜑 (𝐶𝑛) ≤ 𝑥 ≤ 𝐷𝜑 (𝐶 (𝑛 + 1)). Then we have

𝐶 𝑓 (𝑥) ≥ 𝐶 𝑓 (𝐷𝜑 (𝐶𝑛)) ≥ 𝑔 (𝑛) ≥ 𝑔

(
𝑛 + 1

2

)
≥ 𝑔

(
𝜑−1( 𝑥

𝐷
)

2𝐶

)
,

which can be reformulated as
𝑔

(
𝐾 𝜑−1(𝑦 )

)
=𝑂 ( 𝑓 (𝐷𝑦 )) ,

taking 𝑦 = 𝑥
𝐷
and 𝐾 = 1

2𝐶 . This shows the first part of the statement. Additionally, if 𝑔 satisfies
Assumption (★), then we have

𝑔
(
𝜑−1 (𝑦 )

)
= 𝑔

(
1

𝐾
· 𝐾 𝜑−1(𝑦 )

)
=𝑂

(
𝑔

(
𝐾 𝜑−1(𝑦 )

))
=𝑂 ( 𝑓 (𝐷𝑦 )) ,

which concludes the proof. □

With Assumption (★), we can deduce two applications for the computation of isoperimetric
profiles. The first one reformulates the inequality(

Føl𝐿 ({1𝐻 ,𝑠0}) (𝑥)
)𝐶Føl𝐻 (𝑥 ) ≼ Føl𝑝,ℒ𝐻 (𝑥)

from Theorem 4.2, in the easier case where the block 𝐿 ({1𝐻 , 𝑠0}) is finite.

Corollary 5.5. Let𝐻 be a finitely generated amenable group. Letℒ𝐻 be a naturally generated and
large-scale commutative halo product having finite blocks. Given 𝑝 ≥ 1, if 𝑗1,𝐻 satisfies Assump-
tion (★), then the ℓ𝑝-isoperimetric profile ofℒ𝐻 satisfies

𝑗𝑝,ℒ𝐻 (𝑥) ≼ 𝑗1,𝐻 (ln(𝑥)).

Proof. By Theorem 4.2 and the fact that 𝐿 ({1𝐻 , 𝑠0}) is finite for every generator 𝑠0 ∈ 𝑆𝐻 , we have

𝐾 Føl𝐻 (𝑦 ) ≼ Føl𝑝,ℒ𝐻 (𝑦 )
for some positive constant 𝐾 > 0. The logarithm satisfies Assumption (★), as well as 𝑗1,𝐻 , so
applying twice Lemma 5.3 yields

𝑦 ≼ 𝑗1,𝐻
(
ln

(
Føl𝑝,ℒ𝐻 (𝑦 )

) )
,

meaning that there exists some positive constant𝐶 > 0 such that
𝑦 ≤ 𝐶 𝑗1,𝐻

(
ln

(
Føl𝑝,ℒ𝐻 (𝐶𝑦 )

) )
for all 𝑦 largeenough. If now𝑥 is largeenough, it suffices to take 𝑦 =

𝑗𝑝,ℒ𝐻 (𝑥 )
𝐶

in theabove inequality
to deduce the corollary. □
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As a second application, we record in a statement the formulation of the inequality
Føl𝑝,ℒ𝐻 (𝑥) ≼ Føl𝑝,𝐻 (𝑥) · Λℒ𝐻 (𝐶 · Føl𝑝,𝐻 (𝑥))

from Proposition 4.1 in terms of isoperimetric profiles.

Corollary 5.6. Let 𝐻 be a finitely generated amenable group, and letℒ𝐻 be a halo product over
𝐻 . Suppose thatℒ𝐻 is naturally generated and has consistent blocks. Given 𝑝 ≥ 1, if 𝑗𝑝,𝐻 satisfies
Assumption (★), then one has

𝑗𝑝,ℒ𝐻 (𝑥) ≽ 𝑗𝑝,𝐻 (𝜑−1(𝑥))
where 𝜑 (𝑥) = 𝑥 · Λℒ𝐻 (𝑥) and where Λℒ𝐻 is the lamp growth sequence ofℒ𝐻 .

Proof. Let 𝑝 ≥ 1. From Proposition 4.1, we know that there is a constant𝐷 > 0 such that
Føl𝑝,ℒ𝐻 (𝑥) ≤ 𝐷 · 𝜑 (𝐷 · Føl𝑝,𝐻 (𝐷𝑥))

for all 𝑥 large enough. Putting 𝑥 =
𝑗𝑝,𝐻 (𝑦 )
𝐷

in this inequality for 𝑦 large enough, and applying 𝑗𝑝,ℒ𝐻

which is increasing, one gets
𝑗𝑝,𝐻 (𝑦 )
𝐷

≤ 𝑗𝑝,ℒ𝐻 (𝐷 · 𝜑 (𝐷𝑦 ))
for all 𝑦 large enough, i.e. 𝑗𝑝,𝐻 (𝑦 ) ≼ 𝑗𝑝,ℒ𝐻 (𝐷𝜑 (𝑦 )). Since 𝑗𝑝,𝐻 satisfies Assumption (★), we may
apply Lemma 5.4, and we get

𝑗𝑝,𝐻 (𝜑−1(𝑥)) ≼ 𝑗𝑝,ℒ𝐻 (𝑥)
as claimed. □

5.2. Lampshufflers and lampjugglers.

Wenowapplyour estimateson isoperimetricprofiles to concrete examples, using [GT24a] that
computes the lamp growth sequences ofmost examples of halo products we are interested in. In
this section, we address the case of lampshufflers, lampjugglers and their iterated versions.
Let us recall that ℓ𝑝-isoperimetric profiles of lampshufflers over polynomial growth groups are

known:

𝑗𝑝,Shuffler(𝐻 ) (𝑥) ≃
(

ln(𝑥)
ln(ln(𝑥))

) 1
𝑑

for any 𝑝 ≥ 1, when 𝐻 has growth degree 𝑑 ≥ 1. This can be directly deduced from [SCZ21]
and [EZ21].
From our work, we can deduce the following bounds on profiles of lampjugglers.

Corollary 5.7. Let 𝑝 ≥ 1. Let 𝐻 be a finitely generated amenable group, whose ℓ𝑝- and ℓ1-
isoperimetric profiles satisfy Assumption (★). Let 𝑠 ≥ 1 be an integer. Then the ℓ𝑝-isoperimetric
profile of Shuffler𝑠 (𝐻 ) satisfies

𝑗𝑝,𝐻

(
ln(𝑥)

ln(ln(𝑥))

)
≼ 𝑗𝑝,Shuffler𝑠 (𝐻 ) (𝑥) ≼ 𝑗1,𝐻 (ln(𝑥)).

Proof. For the upper bound, it suffices to apply Corollary 5.5, since Shuffler𝑠 (𝐻 ) is naturally gen-
erated and has finite blocks.
Let us focus on the lower bound. From Corollary 5.6, we know that

(5.1) 𝑗𝑝,𝐻 (𝜑−1(𝑥)) ≼ 𝑗𝑝,Shuffler𝑠 (𝐻 ) (𝑥)
where 𝜑 (𝑥) = 𝑥 · ΛShuffler𝑠 (𝐻 ) (𝑥) = 𝑥 · (𝑠𝑥)!. It remains to find the asymptotics of 𝜑−1(𝑥). We have
by definition 𝜑−1(𝑥) (𝑠 𝜑−1(𝑥))! = 𝑥 , and from Stirling’s formula we know that

𝜑−1(𝑥) (𝑠 𝜑−1(𝑥))! ∼ 𝜑−1(𝑥)
(
𝑠 𝜑−1(𝑥)

𝑒

)𝑠 𝜑−1 (𝑥 ) √︁
2𝜋 · 𝑠 𝜑−1(𝑥).
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Taking the logarithm yields ln(𝑥) = ln
(
𝜑−1(𝑥) (𝑠 𝜑−1(𝑥))!

)
∼ 𝑠 𝜑−1(𝑥) ln(𝑠 𝜑−1(𝑥)) and taking the

logarithm oncemore, it follows that ln(ln(𝑥)) ∼ ln(𝑠 𝜑−1(𝑥)). Combining these two equivalences,
this gives

𝑠 𝜑−1(𝑥) ∼ ln(𝑥)
ln(ln(𝑥)) .

Using Lemma 5.3 and inequality (5.1), we deduce

𝑗𝑝,𝐻

(
ln(𝑥)

ln(ln(𝑥))

)
≼ 𝑗𝑝,Shuffler𝑠 (𝐻 ) (𝑥)

as claimed. The proof is complete. □

Remark 5.8. In the particular case where 𝑠 = 1 andwhere𝐻 is amenable with 𝑗1,𝐻 (𝑥) ≃ ln(𝑥), the
upper bound on 𝑗1,Shuffler(𝐻 ) provided by this result is ≃ ln(ln(𝑥)), which is the same that one can
get by inverting the lower bound

FølShuffler(𝐻 ) (𝑥) ≽ 𝑉𝐻 (𝑥)𝑉𝐻 (𝑥 ) ≃ (𝑒𝑥 )𝑒𝑥

obtained in [EZ21] in the case of an exponential growth group 𝐻 . However, as we will see be-
low, this result is not optimal anymore when taking iteration of lampshufflers, since the growth
function of such iterations stay exponential, while the isoperimetric profile gets slower at each
iteration (see Proposition 5.11).

In particular, one deduces that, if 𝐻 has polynomial growth of degree 𝑑 ≥ 1, the estimate on
𝑗𝑝,Shuffler(𝐻 ) coming from [EZ21] is valid for any lampjuggler Shuffler𝑠 (𝐻 ), 𝑠 ≥ 2. Indeed, such a
lampjuggler contains a lampshuffler as a subgroup, so that

𝑗𝑝,Shuffler𝑠 (𝐻 ) (𝑥) ≼ 𝑗𝑝,Shuffler(𝐻 ) (𝑥) ≃
(

ln(𝑥)
ln(ln(𝑥))

) 1
𝑑

,

by Theorem 2.2, and the lower bound follows fromCorollary 5.7. In fact, we havemore generally
the next consequence.

Corollary 5.9. Let𝑝 ≥ 1. Let𝐻 be a finitely generated amenable group such that 𝑗𝑝,𝐻 (𝑥) ≃ 𝑗1,𝐻 (𝑥).
Assume that

• either𝐻 has polynomial growth;
• or its ℓ𝑝-isoperimetric profile 𝑗𝑝,𝐻 satisfies Assumption (★) and 𝑗𝑝,𝐻

(
ln(𝑥 )

ln(ln(𝑥 ) )

)
≃ 𝑗𝑝,𝐻 (ln(𝑥)).

Then one has
𝑗𝑝,Shuffler𝑠 (𝐻 ) (𝑥) ≃ 𝑗𝑝,Shuffler(𝐻 ) (𝑥)

for all 𝑠 ≥ 1. □

Thus, lampjuggler groups often have the same ℓ𝑝-isoperimetric profile as lampshufflers, even
if the two are not quasi-isometric. For instance, if 𝐻 = ℤ𝑑 ≀ BS(1, 𝑛), 𝑑 ≥ 1, 𝑛 ≥ 2, then
Shuffler(𝐻 ) and Shuffler𝑠 (𝐻 ) are not quasi-isometric (by [GT24a] and [Dum25]) but both have ℓ𝑝-
isoperimetric profile ≃ 𝑗𝑝,𝐻 (ln(𝑥)) ≃ ln(ln(ln(𝑥))).
FromCorollary 5.7, we can deduce the ℓ𝑝-isoperimetric profile of lampshufflers over groups𝐻

having isoperimetric profiles that satisfy

𝑗𝑝,𝐻

(
ln(𝑥)

ln(ln(𝑥))

)
≃ 𝑗1,𝐻 (ln(𝑥))

for instance:
• Solvable Baumslag-Solitar groups BS(1, 𝑛), 𝑛 ≥ 2, have ℓ𝑝-isoperimetric profile ≃ ln(𝑥).
Thus Shuffler(BS(1, 𝑛)) has ℓ𝑝-isoperimetric profile ≃ ln(ln(𝑥)). The same applies for
lamplighters 𝐹 ≀ ℤ, where 𝐹 is a non-trivial finite group;
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• more generally, lamplighters 𝐹 ≀ ℤ𝑑 , where 𝑑 ≥ 1 and 𝐹 is non-trivial and finite, have ℓ𝑝-
isoperimetric profile ≃ (ln(𝑥))

1
𝑑 . In this case, we get that

𝑗𝑝,Shuffler(𝐹 ≀ℤ𝑑 ) (𝑥) ≃ (ln(ln(𝑥)))
1
𝑑 .

• for 𝑑 ≥ 1, the group𝐻 = ℤ ≀ ℤ𝑑 has ℓ𝑝-isoperimetric profile ≃
(

ln(𝑥 )
ln(ln(𝑥 ) )

) 1
𝑑 , so that

𝑗𝑝,Shuffler(ℤ≀ℤ𝑑 ) (𝑥) ≃
(

ln(ln(𝑥))
ln(ln(ln(𝑥)))

) 1
𝑑

.

Example 5.10. For any non-decreasing function 𝑓 : ℝ+ −→ ℝ+ such that 𝑥 ↦−→ 𝑥
𝑓 (𝑥 ) is non-

decreasing, Brieussel and Zheng constructed in [BZ21] a finitely generated group 𝐻 with expo-
nential volume growth having ℓ𝑝-isoperimetric profile 𝑗𝑝,𝐻 (𝑥) ≃ ln(𝑥 )

𝑓 (ln(𝑥 ) ) . It is proved in [Corr24]
that 𝑗𝑝,𝐻 satisfies Assumption (★) (see the discussion right after Corollary 4.1 in [Corr24]). Lastly,
𝐻 also satisfies

𝑗𝑝,𝐻

(
ln(𝑥)

ln(ln(𝑥))

)
≃ 𝑗1,𝐻 (ln(𝑥)).

This follows from the fact that 𝑓 preserves equivalents: if 𝑔 ,ℎ : ℝ+ −→ ℝ+ are equivalent, then
(1 − 𝜀)ℎ (𝑥) ≤ 𝑔 (𝑥) ≤ (1 + 𝜀)ℎ (𝑥) for some 𝜀 > 0 and for large enough 𝑥 , so that

𝑓 ((1 − 𝜀)ℎ (𝑥)) ≤ 𝑓 (𝑔 (𝑥)) ≤ 𝑓 ((1 + 𝜀)ℎ (𝑥))
since 𝑓 is non-decreasing. Since (1 − 𝜀)ℎ (𝑥) ≤ ℎ (𝑥) ≤ (1 + 𝜀)ℎ (𝑥), one has also

(1 − 𝜀)ℎ (𝑥)
𝑓 ((1 − 𝜀)ℎ (𝑥)) ≤ ℎ (𝑥)

𝑓 (ℎ (𝑥)) ≤ (1 + 𝜀)ℎ (𝑥)
𝑓 ((1 + 𝜀)ℎ (𝑥)) .

since 𝑥 ↦−→ 𝑥
𝑓 (𝑥 ) is non-decreasing, and thus

(1 − 𝜀) 𝑓 (ℎ (𝑥)) ≤ 𝑓 ((1 − 𝜀)ℎ (𝑥)) ≤ 𝑓 (𝑔 (𝑥)) ≤ 𝑓 ((1 + 𝜀)ℎ (𝑥)) ≤ (1 + 𝜀) 𝑓 (ℎ (𝑥))
for all largeenough𝑥 , whence 𝑓 (𝑔 (𝑥)) ∼ 𝑓 (ℎ (𝑥)). Thus,wemayapplyTheorem5.7, andweobtain
that

𝑗𝑝,Shuffler(𝐻 ) (𝑥) ≃
ln(ln(𝑥))

𝑓 (ln(ln(𝑥))) .

Iterated lampshufflers. For a group 𝐻 and an integer 𝑛 ≥ 0, let Shuffler◦𝑛 (𝐻 ) denote the 𝑛-th
iterated lampshuffler over𝐻 , defined as

Shuffler◦𝑛 (𝐻 ) ··= Shuffler(Shuffler(. . . Shuffler(𝐻 ))).
if 𝑛 ≥ 1, and Shuffler◦0(𝐻 ) ··=𝐻 .
For such groups, we show the following estimates.

Proposition 5.11. Let𝑝 ≥ 1. Let𝐻 be a finitely generated amenable groupwhose ℓ𝑝-isoperimetric
profile 𝑗𝑝,𝐻 satisfies Assumption (★). Suppose that

𝑗𝑝,𝐻

(
ln(𝑥)

ln(ln(𝑥))

)
≃ 𝑗𝑝,𝐻 (ln(𝑥)) and 𝑗𝑝,𝐻 (𝑥) ≃ 𝑗1,𝐻 (𝑥).

Then, we have
𝑗𝑝,Shuffler◦𝑛 (𝐻 ) (𝑥) ≃ 𝑗𝑝,𝐻 (ln◦𝑛 (𝑥))

for all 𝑛 ≥ 1.

Here, recall that ln◦𝑘 (𝑥) ··= ln(ln(ln(. . . ln(𝑥)))) denotes the 𝑘-th iteration of the logarithm with
itself, with the convention that ln◦0 is the identity.
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Proof. Let 𝑝 ≥ 1. We prove the statement by induction over 𝑛. For 𝑛 = 0, it clearly holds, and
the case 𝑛 = 1 is settled by Corollary 5.7. Now, assume that it holds for some 𝑛 ≥ 0, so that
𝑗𝑝,Shuffler◦𝑛 (𝐻 ) (𝑥) ≃ 𝑗𝑝,𝐻 (ln◦𝑛 (𝑥)) for any 𝐻 satisfying the assumptions of the statement. Then,
note that Shuffler(𝐻 ) is finitely generated, amenable, and since its ℓ𝑝-isoperimetric profile is
≃ 𝑗𝑝,𝐻 (ln(𝑥)) and that 𝑗𝑝,𝐻 satisfies Assumption (★), 𝑗𝑝,Shuffler(𝐻 ) satisfies Assumption (★) and
𝑗𝑝,Shuffler(𝐻 ) ≃ 𝑗1,Shuffler(𝐻 ) as well. Additionally, note that

𝑗𝑝,Shuffler(𝐻 )

(
ln(𝑥)

ln(ln(𝑥))

)
≃ 𝑗𝑝,𝐻 (ln◦2(𝑥) − ln◦3(𝑥)) ≃ 𝑗𝑝,𝐻 (ln◦2(𝑥)) ≃ 𝑗𝑝,Shuffler(𝐻 ) (ln(𝑥))

where the second asymptotic equivalence follows from the combination of ln◦2(𝑥) − ln◦3(𝑥) ≃
ln◦2(𝑥) and Lemma 5.3. Thus, applying the inductive assumption and Corollary 5.7, we obtain

𝑗𝑝,Shuffler◦(𝑛+1) (𝐻 ) (𝑥) = 𝑗𝑝,Shuffler◦𝑛 (Shuffler(𝐻 ) ) (𝑥)
≃ 𝑗𝑝,Shuffler(𝐻 ) (ln◦𝑛 (𝑥))
≃ 𝑗𝑝,𝐻 (ln(ln◦𝑛 (𝑥)))
= 𝑗𝑝,𝐻 (ln◦(𝑛+1) (𝑥))

and the induction is complete. □

However, note that the assumption that 𝑗𝑝,𝐻
(

ln(𝑥 )
ln(ln(𝑥 ) )

)
≃ 𝑗𝑝,𝐻 (ln(𝑥)) in Proposition 5.11 does

not hold for polynomial growth groups. Thus, for this class, we compute isoperimetric profiles of
iterated lampshufflers separately.

Proposition 5.12. Let𝐻 be a finitely generated group of polynomial growth of degree 𝑑 ≥ 1. Then
one has

𝑗𝑝,Shuffler◦𝑛 (𝐻 ) (𝑥) ≃
(

ln◦𝑛 (𝑥)
ln◦(𝑛+1) (𝑥)

) 1
𝑑

for any 𝑛 ≥ 1 and any real number 𝑝 ≥ 1.

Proof. The case 𝑛 = 1 is settled by [EZ21]. For 𝑛 ≥ 2, it suffices to note that Shuffler(𝐻 ) satisfies
the assumptions of Proposition 5.11, and the latter provides

𝑗𝑝,Shuffler◦𝑛 (𝐻 ) (𝑥) = 𝑗𝑝,Shuffler◦𝑛−1 (Shuffler(𝐻 ) ) (𝑥) ≃ 𝑗𝑝,Shuffler(𝐻 ) (ln◦(𝑛−1) (𝑥)) ≃
(

ln◦𝑛 (𝑥)
ln◦(𝑛+1) (𝑥)

) 1
𝑑

as claimed. □

The assumption 𝑗𝑝,𝐻
(

ln(𝑥 )
ln(ln(𝑥 ) )

)
≃ 𝑗𝑝,𝐻 (ln(𝑥)) from Proposition 5.11 is satisfied formany known

behaviours of profiles, and thusmotivates the next question.

Question 5.13. Is it true that all finitely generated amenable groups which do not have polyno-
mial growth satisfy 𝑗𝑝,𝐻

(
ln(𝑥 )

ln(ln(𝑥 ) )

)
≃ 𝑗𝑝,𝐻 (ln(𝑥))?

Remark 5.14. The same strategy shows that if 𝐻 is a finitely generated amenable group whose
isoperimetric profiles satisfy Assumption (★) and

𝑗𝑝,𝐻

(
ln(𝑥)

ln(ln(𝑥))

)
≃ 𝑗𝑝,𝐻 (ln(𝑥)) and 𝑗𝑝,𝐻 (𝑥) ≃ 𝑗1,𝐻 (𝑥),

then one has
𝑗𝑝,Shuffler𝑠1 (Shuffler𝑠2 (...Shuffler𝑠𝑛 (𝐻 ) ) ) (𝑥) ≃ 𝑗𝑝,𝐻 (ln◦𝑛 (𝑥))

for any integers 𝑛 ≥ 1 and 𝑠1, . . . , 𝑠𝑛 ≥ 1, and any real number 𝑝 ≥ 1.
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5.3. Lampdesigners.

Lampdesigners are close to lampjuggler groups, and in fact if 𝐹 is finite,Designer𝐹 (𝐻 ) is a sub-
group of Shuffler |𝐹 | (𝐻 ), via themap

Designer𝐹 (𝐻 ) −→ Shuffler |𝐹 | (𝐻 )
(( 𝑓 , 𝜎), ℎ) ↦−→ (𝜎 ′, ℎ)

where, given a pair ( 𝑓 , 𝜎) ∈ 𝐹 ≀𝐻 FSym(𝐻 ), 𝜎 ′ is the permutation of 𝐻 × 𝐹 given by 𝜎 ′(ℎ, 𝑖 ) =

(𝜎 (ℎ), 𝑓 (ℎ)𝑖 ). Hence, from Theorem 2.2 and Proposition 4.1, we get directly a lower bound on
ℓ𝑝-isoperimetric profiles of lampdesigners, namely

𝑗𝑝,Shuffler|𝐹 | (𝐻 ) (𝑥) ≼ 𝑗𝑝,Designer𝐹 (𝐻 ) (𝑥).
Additionally, note that Designer𝐹 (𝐻 ) contains Shuffler(𝐻 ) as a subgroup (and also as a quotient),
hence

𝑗𝑝,Designer𝐹 (𝐻 ) (𝑥) ≼ 𝑗𝑝,Shuffler(𝐻 ) (𝑥).
Moreover, recall that, when𝐻 satisfies 𝑗𝑝,𝐻 (𝑥) ≃ 𝑗1,𝐻 (𝑥) and one of the two hypotheses:

• 𝐻 has polynomial growth;
• 𝑗𝑝,𝐻 satisfies Assumption (★),

𝑗𝑝,𝐻

(
ln(𝑥)

ln(ln(𝑥))

)
≃ 𝑗𝑝,𝐻 (ln(𝑥)),

then Corollary 5.9 ensures that Shuffler |𝐹 | (𝐻 ) and Shuffler(𝐻 ) have same ℓ𝑝-isoperimetric profile,
and thus:

Corollary 5.15. Let𝐹 beanon-trivialfinite group. Let𝑝 ≥ 1. Let𝐻 beafinitely generatedamenable
group such that 𝑗𝑝,𝐻 (𝑥) ≃ 𝑗1,𝐻 (𝑥). Assume that one of the following holds:

• 𝐻 has polynomial growth;
• 𝑗𝑝,𝐻 has Assumption (★) and satisfies

𝑗𝑝,𝐻

(
ln(𝑥)

ln(ln(𝑥))

)
≃ 𝑗𝑝,𝐻 (ln(𝑥)).

Then one has
𝑗𝑝,Designer𝐹 (𝐻 ) (𝑥) ≃ 𝑗𝑝,Shuffler(𝐻 ) (𝑥).

Furthermore, we can also deduce ℓ𝑝-isoperimetric profiles of iterated lampdesigners.

5.4. Lampcloners and lampupcloners.

Let us now turn to lampcloners and lampupcloners over finite fields.

Corollary 5.16. Let 𝑝 ≥ 1. Let 𝐻 be a finitely generated amenable group whose ℓ𝑝-isoperimetric
profile 𝑗𝑝,𝐻 satisfies Assumption (★). Let 𝕗 be a finite field. Then one has

𝑗𝑝,𝐻

(√︁
ln(𝑥)

)
≼ 𝑗𝑝,Cloner𝕗 (𝐻 ) (𝑥) ≼ 𝑗1,𝐻 (ln(𝑥)).

Proof. The upper bound directly follows from Corollary 5.5, so we focus on the lower bound.
We know from Corollary 5.6 that we must determine the asymptotic behaviour of 𝜑−1, where

𝜑 (𝑥) = 𝑥 · ΛCloner𝕗 (𝐻 ) (𝑥). By definition, we have that 𝜑−1(𝑥) · ΛCloner𝕗 (𝐻 ) (𝜑−1(𝑥)) = 𝑥 , and thus

ln(𝜑−1(𝑥)) + ln(ΛCloner𝕗 (𝐻 ) (𝜑−1(𝑥))) = ln(𝑥).
From [GT24a], ln(ΛCloner𝕗 (𝐻 ) (𝑦 )) ∼ 𝐶 · 𝑦 2 for some𝐶 > 0, so the above equation tells us that

𝜑−1(𝑥)2 ≃ ln(𝑥)
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whence 𝜑−1(𝑥) ≃
√︁
ln(𝑥). From Lemma 5.4, it follows that 𝑗𝑝,𝐻 (𝜑−1(𝑥)) ≃ 𝑗𝑝,𝐻

(√︁
ln(𝑥)

)
, and we

are done. □

From here, we then directly deduce the following consequence.

Corollary 5.17. Let 𝑝 ≥ 1. Let 𝐻 be a finitely generated amenable group whose ℓ𝑝-isoperimetric
profile 𝑗𝑝,𝐻 satisfies Assumption (★). Let 𝕗 be a finite field. If 𝑗𝑝,𝐻

(√︁
ln(𝑥)

)
≃ 𝑗1,𝐻 (ln(𝑥)) and

𝑗𝑝,𝐻 (𝑥) ≃ 𝑗1,𝐻 (𝑥), then
𝑗𝑝,Cloner𝕗 (𝐻 ) (𝑥) ≃ 𝑗𝑝,𝐻 (ln(𝑥)).

This corollary applies to many groups that have slow profiles, for instance:
• Baumslag Solitar groups BS(1, 𝑛), 𝑛 ≥ 2, whose ℓ𝑝-isoperimetric profile is ≃ ln(𝑥). Thus
Cloner𝕗 (BS(1, 𝑛)) has ℓ𝑝-isoperimetric profile ≃ ln(ln(𝑥)) for any 𝑛 ≥ 2 and finite field 𝕗 ;

• The lamplighter𝐹 ≀Σ, whereΣhaspolynomial growthofdegree𝑑 ≥ 1, has ℓ𝑝-isoperimetric
profile ≃ (ln(𝑥)) 1

𝑑 , whence

𝑗𝑝,Cloner𝕗 (𝐹 ≀Σ) (𝑥) ≃ ln(ln(𝑥)) 1
𝑑 .

In the polynomial growth case, we get the following bounds.

Corollary 5.18. Let𝐻 be a finitely generated group of polynomial growth of degree 𝑑 ≥ 1. Let 𝕗 be
a finite field. Then we have

(ln(𝑥)) 1
2𝑑 ≼ 𝑗𝑝,Cloner𝕗 (𝐻 ) (𝑥) ≼ (ln(𝑥)) 1

𝑑

for any real number 𝑝 ≥ 1.

The same result holds for Upcloner𝕗 (ℤ𝑑 ), whereℤ𝑑 is equipped with the lexicographic order.

Corollary 5.19. Let 𝑑 ≥ 1. Considerℤ𝑑 with its lexicographic order. Let 𝕗 be a finite field. Then we
have

(ln(𝑥)) 1
2𝑑 ≼ 𝑗𝑝,Upcloner𝕗 (ℤ𝑑 ) (𝑥) ≼ (ln(𝑥)) 1

𝑑

for any real number 𝑝 ≥ 1.

Inspired by the case of lampshufflers, wewould expect that, when𝐻 has polynomial growth of
degree 𝑑 ≥ 1, the ℓ𝑝-isoperimetric profile of Cloner𝕗 (𝐻 ) is the lower bound that we found in the
above statement, namely (ln(𝑥)) 1

2𝑑 . Recall that for lampshufflers, we applied the upper bound
from [EZ21] which is still optimal in the polynomial growth case, but its proof seems difficult to
generalise for lampcloners.

Remark 5.20. We can slightly improve the upper bound in Corollary 5.18, since for any group
𝐻 , Shuffler(𝐻 ) is a subgroup of Cloner𝕗 (𝐻 ), considering the linear automorphisms permuting the
vectors of the canonical basis provided by𝐻 . Hence, if𝐻 has polynomial growth of degree 𝑑 ≥ 1,
we have

𝑗𝑝,Cloner𝕗 (𝐻 ) (𝑥) ≼
(

ln(𝑥)
ln(ln(𝑥))

) 1
𝑑

.

Iterated lampcloners. Foragroup𝐻 andan integer𝑛 ≥ 0, letCloner◦𝑛𝕗 (𝐻 ) denote the𝑛-th iterated
lampcloner over𝐻 , defined as

Cloner◦𝑛𝕗 (𝐻 ) ··= Cloner𝕗 (Cloner𝕗 (. . .Cloner𝕗 (𝐻 ))).
if 𝑛 ≥ 1, and Cloner◦0𝕗 (𝐻 ) ··=𝐻 .
A similar strategy as theone above for iterated lampshufflers allowsone toprove thenext state-

ment.
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Corollary 5.21. Let 𝑝 ≥ 1. Let 𝐻 be a finitely generated amenable group whose ℓ𝑝-isoperimetric
profile 𝑗𝑝,𝐻 satisfies Assumption (★). Suppose that

𝑗𝑝,𝐻

(√︁
ln(𝑥)

)
≃ 𝑗𝑝,𝐻 (ln(𝑥)) and 𝑗𝑝,𝐻 (𝑥) ≃ 𝑗1,𝐻 (𝑥).

Then, we have
𝑗𝑝,Cloner◦𝑛𝕗 (𝐻 ) (𝑥) ≃ 𝑗𝑝,𝐻 (ln◦𝑛 (𝑥))

for all 𝑛 ≥ 1. □

Finally, Corollary 5.17motivates a similar question as Question 5.13.

Question 5.22. Is it true that all finitely generated amenable groups which do not have polyno-
mial growth satisfy 𝑗𝑝,𝐻

(√︁
ln(𝑥)

)
≃ 𝑗𝑝,𝐻 (ln(𝑥))?

6. APPLICATIONS TO QUASI-ISOMETRIC CLASSI�CATIONS AND REGULAR MAPS

This section is dedicated to our applications about the existence of regularmaps between halo
products and their iterated versions. It relies on computations realised in Section 5. In fact, for
simplicity and conciseness, we will be focusing mainly on lampshufflers, but analogous state-
ments can be derived for lampjugglers, lampdesigners, lampcloners and lampupcloners.
Let us first distinguish iterated lampshufflers over amenable groups.

Corollary 6.1. Let 𝑛,𝑚 ≥ 1. Let𝐻 be a finitely generated amenable group. Assume that one of the
following holds:

(i) 𝐻 has polynomial growth of degree 𝑑 ≥ 1;
(ii) 𝑗1,𝐻 satisfiesAssumption (★), 𝑗1,𝐻

(
ln(𝑥 )

ln(ln(𝑥 ) )

)
≃ 𝑗1,𝐻 (ln(𝑥)) and the followingproperty for any

integers 𝑘 , ℓ ≥ 0:
𝑗1,𝐻 (ln◦𝑘 (𝑥)) ≃ 𝑗1,𝐻 (ln◦ℓ (𝑥)) =⇒ 𝑘 = ℓ.

Then Shuffler◦𝑛 (𝐻 ) and Shuffler◦𝑚 (𝐻 ) are quasi-isometric if and only if 𝑛 =𝑚.

Proof. Suppose that Shuffler◦𝑛 (𝐻 ) and Shuffler◦𝑚 (𝐻 ) are quasi-isometric. In particular, their
isoperimetric profiles are asymptotically equivalent, and if𝐻 has polynomial growth, we get(

ln◦𝑛 (𝑥)
ln◦(𝑛+1) (𝑥)

) 1
𝑑

≃
(

ln◦𝑚 (𝑥)
ln◦(𝑚+1) (𝑥)

) 1
𝑑

by Proposition 5.12, which in turn implies 𝑛 = 𝑚. If we are in case (ii), then by Proposition 5.11,
Shuffler◦𝑛 (𝐻 ) has ℓ1-profile ≃ 𝑗1,𝐻 (ln◦𝑛 (𝑥)) and Shuffler◦𝑚 (𝐻 ) has ℓ1-profile ≃ 𝑗1,𝐻 (ln◦𝑚 (𝑥)). Thus
𝑛 =𝑚 using our assumption, and we are done. □

In practice, assumptions of (ii) are easy to check. It holds for instance for any amenable group
whose profile is of the form 𝑗1,𝐻 (𝑥) ≃

(
ln◦𝑘 (𝑥)

)𝛼
for 𝛼 > 0 and 𝑘 ≥ 0, such as solvable Baumslag-

Solitar groups or lamplighters over polynomial growth groups.
In fact, the isoperimetric profilebeingmonotonuousunder regularmapsbetweenfinitely gen-

erated amenable groups, we get more generally:

Corollary 6.2. Let 𝑛,𝑚 ≥ 1. Let 𝐻 be a finitely generated amenable group whose isoperimetric
profile 𝑗1,𝐻 satisfies Assumption (★). Suppose that 𝑗1,𝐻

(
ln(𝑥 )

ln(ln(𝑥 ) )

)
≃ 𝑗1,𝐻 (ln(𝑥)) and the following

property holds for any integers 𝑘, ℓ ≥ 0:
𝑗1,𝐻 (ln◦ℓ (𝑥)) ≼ 𝑗1,𝐻 (ln◦𝑘 (𝑥)) =⇒ 𝑘 ≤ ℓ.

Then there exists a regular map from Shuffler◦𝑛 (𝐻 ) to Shuffler◦𝑚 (𝐻 ) if and only if 𝑛 ≤ 𝑚. □

34



CORENTIN CORREIA, VINCENT DUMONCEL

We have similar consequences at the other side of the spectrum:

Corollary 6.3. Let𝑛,𝑚 ≥ 0. Let𝐴 and𝐵 be infinite virtually abelianfinitely generated groups,with
growth degrees 𝑎 and 𝑏 respectively. Then the following are equivalent:

(i) Shuffler◦𝑛 (𝐴) and Shuffler◦𝑚 (𝐵) are quasi-isometric.
(ii) 𝑛 =𝑚 and 𝑎 = 𝑏 .
(iii) Shuffler◦𝑛 (𝐴) and Shuffler◦𝑚 (𝐵) are biLipschitz equivalent.

Proof. The implication (iii) =⇒ (i) is obvious.
We prove (i) =⇒ (ii). Assume that Shuffler◦𝑛 (𝐴) and Shuffler◦𝑚 (𝐵) are quasi-isometric, so that they
have asymptotically equivalent isoperimetric profiles. By Proposition 5.12, we then have

(6.1)
(

ln◦𝑛 (𝑥)
ln◦(𝑛+1) (𝑥)

) 1
𝑎

≃
(

ln◦𝑚 (𝑥)
ln◦(𝑚+1) (𝑥)

) 1
𝑏

and taking the logarithm, it follows that

ln

(
ln◦𝑛 (𝑥)

ln◦(𝑛+1) (𝑥)

)
≃ ln

(
ln◦𝑚 (𝑥)

ln◦(𝑚+1) (𝑥)

)
.

The left-hand side is equivalent to ln◦(𝑛+1) (𝑥) and the right-hand side is equivalent to ln◦(𝑚+1) (𝑥),
so that 𝑛 + 1 =𝑚 + 1, i.e. 𝑛 =𝑚. Re-injecting this information in (6.1) now implies that 𝑎 = 𝑏 .
If𝑛 =𝑚 and 𝑎 = 𝑏 , then 𝐴 and𝐵 are both biLipschitz equivalent toℤ𝑎 [Dum25], and thus 𝐴 and𝐵
are biLipschitz equivalent. Thus, by [GT24a], there is a biLipschitz equivalence from Shuffler(𝐴)
to Shuffler(𝐵). Iterating this, we get a biLipschitz equivalence

Shuffler◦𝑛 (𝐴) −→ Shuffler◦𝑛 (𝐵)
as claimed. This shows (ii) =⇒ (iii) and concludes the proof. □

Remark 6.4. For the broader class of virtually nilpotent groups, some implications still hold and
some may fail. For instance, (i) =⇒ (ii) remains true, but the converse is false. For instance, ℤ4

and the Heisenberg group 𝐻 over ℤ both have growth degree 4, but Shuffler(ℤ4) and Shuffler(𝐻 )
are not quasi-isometric by [GT24a], sinceℤ4 and𝐻 are not biLipschitz equivalent (e.g. they have
different asymptotic dimensions).

For more general maps (e.g. regular maps), the isoperimetric profile is not sufficient to detect
a constraint on polynomial growth degrees. However, asymptotic dimension does provide an in-
equality since, if 𝐴 has finite asymptotic dimension, then asdim(Shuffler(𝐴)) = asdim(𝐴). Indeed,
since 𝐴 is a subgroup of Shuffler(𝐴), one has asdim(𝐴) ≤ asdim(Shuffler(𝐴)), and on the other
hand, since Shuffler(𝐴) fits into a short exact sequence with kernel FSym(𝐴), whose asymptotic
dimension is 0 as it is locally finite, and quotient 𝐴, one also has asdim(Shuffler(𝐴)) ≤ asdim(𝐴)
(we refer the reader to the nice survey [BD08] for all these facts on asymptotic dimension). Iter-
ating, we get

asdim(Shuffler◦𝑛 (𝐴)) = asdim(𝐴)
for all 𝑛 ≥ 0.
Note also that, if 𝐴 is virtually abelian, then its asymptotic dimension coincideswith its growth

degree.

Corollary 6.5. Let𝑛 and𝑚 be twonatural integers. Let𝐴 and𝐵 be infinite virtually abelianfinitely
generated groups, with growth degrees 𝑎 and 𝑏 respectively. If there exists a regular map

Shuffler◦𝑛 (𝐴) −→ Shuffler◦𝑚 (𝐵)
then 𝑛 ≤ 𝑚 and 𝑎 ≤ 𝑏 .
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Proof. Assume that such amap exists. If 𝑛 = 0 there is nothing to prove, so we assume that 𝑛 ≥ 1.
In this case, we cannot have𝑚 = 0, because a group of exponential growth cannot regularly em-
bed into a polynomial growth group. Hence 𝑚 ≥ 1 as well. Now, by Theorem 2.3 and Proposi-
tion 5.12, one has

(6.2)
(

ln◦𝑚 (𝑥)
ln◦(𝑚+1) (𝑥)

) 1
𝑏

≼
(

ln◦𝑛 (𝑥)
ln◦(𝑛+1) (𝑥)

) 1
𝑎

and taking the logarithm implies

ln

(
ln◦𝑚 (𝑥)

ln◦(𝑚+1) (𝑥)

)
≼ ln

(
ln◦𝑛 (𝑥)

ln◦(𝑛+1) (𝑥)

)
.

The left-hand side is≃ ln◦(𝑚+1) (𝑥), and the right-hand side is≃ ln◦(𝑛+1) (𝑥), so it follows that𝑛+1 ≤
𝑚 + 1, i.e. 𝑛 ≤ 𝑚. Additionally, since asymptotic dimension ismonotonuous under regularmaps
one gets

𝑎 = asdim(𝐴) = asdim(Shuffler◦𝑛 (𝐴)) ≤ asdim(Shuffler◦𝑚 (𝐵)) = asdim(𝐵) = 𝑏
as claimed. □

Remark 6.6. On theotherhand, formore general polynomial growthgroups𝐴 and𝐵 , we canonly
conclude that the existence of a quasi-isometry between Shuffler◦𝑛 (𝐴) and Shuffler◦𝑚 (𝐵) imposes
𝑛 =𝑚, 𝑎 = 𝑏 and asdim(𝐴) = asdim(𝐵), and the existence of a regular map

Shuffler◦𝑛 (𝐴) −→ Shuffler◦𝑚 (𝐵)
implies 𝑛 ≤ 𝑚 and asdim(𝐴) ≤ asdim(𝐵).
As an immediate consequence of Corollary 6.5, we have the following.

Corollary 6.7. Let𝑛,𝑚 ≥ 0. Let𝐴 and𝐵 be infinite virtually abelianfinitely generated groups,with
growth degrees 𝑎 and 𝑏 respectively. Then the following are equivalent:

(i) the three equivalent assertions of Corollary 6.3 are satisfied;
(ii) there exist a regular map from Shuffler◦𝑛 (𝐴) to Shuffler◦𝑚 (𝐵), and a regular map from

Shuffler◦𝑚 (𝐵) to Shuffler◦𝑛 (𝐴).

Thus, asymptoticdimension is anobstruction to theexistenceof a regularmapShuffler(ℤ𝑑 ) −→
Shuffler(ℤ𝑘 ) when 𝑑 > 𝑘 . Hence, in the spirit of [BST12], a natural question arises: can we also
rule out the existence of suchmaps if we increase the asymptotic dimension of the target space,
for instance with a polynomial growth factor? It turns out that the answer is positive, and that
the isoperimetric profile still gives an obstruction, whereas asymptotic dimension becomes in-
efficient.
Indeed, thanks to the following lemma, under the assumption that 𝑗1,𝐻 ≽ 𝑗1,𝐺 , we have general

estimates on the isoperimetric profile of𝐺 ×𝐻 in terms of 𝑗1,𝐺 and 𝑗1,𝐻 .

Lemma 6.8. Let𝐺 and𝐻 be finitely generated amenable groups. If 𝑗1,𝐻 (𝑛) ≽ 𝑗1,𝐺 (𝑛), then one has
𝑗1,𝐺 (

√
𝑛) ≼ 𝑗1,𝐺×𝐻 (𝑛) ≼ 𝑗1,𝐺 (𝑛).

Proof. The estimate 𝑗1,𝐺×𝐻 (𝑛) ≼ 𝑗1,𝐺 (𝑛) is a consequence of the fact that𝐺 is a subgroup of𝐺 ×𝐻
and Theorem 2.2. Let us focus on the other inequality. Fix 𝑛 ∈ ℕ and subsets 𝐴𝑛 ⊂ 𝐺 , 𝐵𝑛 ⊂ 𝐻 that
realise 𝑗1,𝐺 (𝑛) and 𝑗1,𝐻 (𝑛) respectively, i.e. |𝐴𝑛 |, |𝐵𝑛 | ≤ 𝑛 and

𝑗1,𝐺 (𝑛) =
|𝐴𝑛 |

|𝜕𝐺𝐴𝑛 |
, 𝑗1,𝐻 (𝑛) = |𝐵𝑛 |

|𝜕𝐻𝐵𝑛 |
.

Then 𝐴𝑛 × 𝐵𝑛 ⊂ 𝐺 ×𝐻 has cardinality ≤ 𝑛2, and its boundary is given by
𝜕𝐺×𝐻 (𝐴𝑛 × 𝐵𝑛) = (𝜕𝐺𝐴𝑛 × 𝐵𝑛) ∪ (𝐴𝑛 × 𝜕𝐻𝐵𝑛)

36



CORENTIN CORREIA, VINCENT DUMONCEL

whence |𝜕𝐺×𝐻 (𝐴𝑛 × 𝐵𝑛) | ≤ |𝜕𝐺𝐴𝑛 | · |𝐵𝑛 | + |𝐴𝑛 | · |𝜕𝐻𝐵𝑛 |. Thus one gets
|𝜕𝐺×𝐻 (𝐴𝑛 × 𝐵𝑛) |

|𝐴𝑛 × 𝐵𝑛 |
≤ |𝜕𝐺𝐴𝑛 | · |𝐵𝑛 | + |𝐴𝑛 | · |𝜕𝐻𝐵𝑛 |

|𝐴𝑛 | |𝐵𝑛 |
=

|𝜕𝐺𝐴𝑛 |
|𝐴𝑛 |

+ |𝜕𝐻𝐵𝑛 |
|𝐵𝑛 |

and it follows that

𝑗1,𝐺×𝐻 (𝑛2) ≥ |𝐴𝑛 × 𝐵𝑛 |
|𝜕𝐺×𝐻 (𝐴𝑛 × 𝐵𝑛) |

≥ 1
|𝜕𝐺𝐴𝑛 |
|𝐴𝑛 | + |𝜕𝐻𝐵𝑛 |

|𝐵𝑛 |
=

1
1

𝑗1,𝐺 (𝑛 ) +
1

𝑗1,𝐻 (𝑛 )
.

Now, using Lemma 5.4, there exists a positive constant 𝐾 > 0 such that

𝑗1,𝐺×𝐻 (𝑥) ≽ 1
1

𝑗1,𝐺 (𝐾√
𝑥) +

1
𝑗1,𝐻 (𝐾√

𝑥)
=

1
1

𝑗1,𝐺

(√
𝐾 2𝑥

) + 1

𝑗1,𝐻

(√
𝐾 2𝑥

) ≽
1

1
𝑗1,𝐺 (

√
𝑥 ) +

1
𝑗1,𝐻 (

√
𝑥 )

for all 𝑥 large enough. By assumption, 𝑗1,𝐻 ≽ 𝑗1,𝐺 , so that

𝑗1,𝐺×𝐻 ≽
1
2

𝑗1,𝐺 (√·)
≃ 𝑗1,𝐺 (

√·)

as claimed. □

Thus, if additionally the isoperimetric profile of𝐺 satisfies 𝑗1,𝐺 (
√·) ≃ 𝑗1,𝐺 (·), then 𝑗1,𝐺×𝐻 ≃ 𝑗1,𝐺 .

This happens for many groups𝐺 that have slow enough profiles, for instance:
• Any polycyclic group with exponential growth, and more generally any GES group with
exponential growth [Tes13];

• 𝐹 ≀ Σ, or Shuffler(Σ), where 𝐹 is finite and Σ has polynomial growth;
• Shuffler◦𝑛 (𝐻 ), where𝐻 has profile 𝑗1,𝐻 (𝑥) ≃

(
ln◦𝑘 (𝑥)

)𝛼
, for some 𝛼 > 0 and integer 𝑘 ≥ 1.

As a concrete example, we have for instance:

Corollary 6.9. Let 𝑑, 𝑘 ,𝑝 ≥ 1 be three integers. There exists a regular map

Shuffler(ℤ𝑑 ) −→ ℤ𝑝 × Shuffler(ℤ𝑘 )
if and only if 𝑑 ≤ 𝑘 . □

Finally, we want to compare lampshufflers to lamplighters. We already know from Proposi-
tionA.2 that awreath product over a subgroupof𝐻 coarsely embeds into Shuffler(𝐻 ). In [GT24a],
given two groups 𝐻 and 𝐺 satisfying some mild assumptions, it is proved that Shuffler(𝐻 ) does
not quasi-isometrically or coarsely embed into a lamplighter 𝐸 ≀𝐺 . Our computations allow us to
prove an iterated version of this result for free abelian groups: there is no regular map

Shuffler◦𝑛 (ℤ𝑑 ) −→ ℤ/2ℤ ≀ (ℤ/2ℤ ≀ (. . . (ℤ/2ℤ ≀ ℤ𝑑 )))
where the wreath product is iterated 𝑛 times. In fact, we havemore generally the following.

Corollary 6.10. Let𝐺 and𝐻 be finitely generated amenable groups. Suppose that there is a regular
map

Shuffler◦𝑛 (𝐻 ) −→ ℤ/2ℤ ≀ (ℤ/2ℤ ≀ (· · · ≀ (ℤ/2ℤ ≀𝐺 ))),
where the wreath product is iterated 𝑛 times, 𝑛 ≥ 1. Then the following holds.

(i) If𝐻 has polynomial growth of degree 𝑑 ≥ 1, then

𝑗1,𝐺 (𝑥) ≼
𝑗1,𝐻 (𝑥)
(ln(𝑥))

1
𝑑

;

(ii) If 𝑗1,𝐻 satisfies Assumption (★) and 𝑗1,𝐻
(

ln(𝑥 )
ln(ln(𝑥 ) )

)
≃ 𝑗1,𝐻 (ln(𝑥)), then

𝑗1,𝐺 (𝑥) ≼ 𝑗1,𝐻 (𝑥).
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Proof. In case (i), we get

𝑗1,𝐺 (ln◦𝑛 (𝑥)) ≼
(

ln◦𝑛 (𝑥)
ln◦(𝑛+1) (𝑥)

) 1
𝑑

=
𝑗1,𝐻 (ln◦𝑛 (𝑥))(
ln◦(𝑛+1) (𝑥)

) 1
𝑑

.

Using Assumption (★) for the logarithm and for 𝑗1,𝐻 , we have

𝑗1,𝐺 (ln◦𝑛 (𝑥)) =𝑂
©­­­«
𝑗1,𝐻 (ln◦𝑛 (𝑥))(
ln◦(𝑛+1) (𝑥)

) 1
𝑑

ª®®®¬
and the change of variable 𝑥 ′ = ln◦𝑛 (𝑥) gives the result. In case (ii), we get rather

𝑗1,𝐺 (ln◦𝑛 (𝑥)) =𝑂
(
𝑗1,𝐻 (ln◦𝑛 (𝑥))

)
and we conclude similarly. □

We get the following consequence in the case of polynomial growth groups.

Corollary 6.11. Let 𝑑, 𝑘 , 𝑛 ≥ 1, and let𝐺 and𝐻 be finitely generated groups of polynomial growth
with growth degrees 𝑘 and 𝑑 respectively. If there is a regular map

Shuffler◦𝑛 (𝐻 ) −→ ℤ/2ℤ ≀ (ℤ/2ℤ ≀ (· · · ≀ (ℤ/2ℤ ≀𝐺 )))
then 𝑑 < 𝑘 , where the wreath product is iterated 𝑛 times.

Note that this statement cannot be reached with methods from [GT24a], even for quasi-
isometric or coarse embeddings, since the thick bigon property used in [GT24a] is not stable
under iterations of lampshufflers.

Proof. By Corollary 6.10, we have 𝑥 1
𝑘 ≼

(
𝑥

ln(𝑥 )

) 1
𝑑 , which immediately implies 𝑑 < 𝑘 . □

Note that, if 𝐺 is a proper subgroup of 𝐻 , then an iteration of Proposition A.2 ensures that
Shuffler◦𝑛 (𝐻 ) contains ℤ/2ℤ ≀ (ℤ/2ℤ ≀ (. . . (ℤ/2ℤ ≀𝐺 ))) (iterated 𝑛 times) as a subgroup, and thus
we get a regular map

ℤ/2ℤ ≀ (ℤ/2ℤ ≀ (· · · ≀ (ℤ/2ℤ ≀𝐺 ))) −→ Shuffler◦𝑛 (𝐻 ).

APPENDIX A. LAMPLIGHTER SUBGROUPS IN LAMPSHUffLERS

In the article, the strategy for getting optimal upper bounds on the isoperimetric profile of halo
products is tofindsubgraphs that arequasi-isometric to lamplighter graphs. In this appendix, our
aim is to prove that, under additionalmild algebraic assumptions on the base group, we can find
lamplighter subgroups inside lampshufflers.
For other halo products, such as lampjugglers, lampdesigners and lampcloners, we already

observed in Section 3 that they contain wreath products over the same base group as subgroups.
Let us recall the following definition: we say that a non-decreasingmap ℎ : ℝ+ −→ ℝ+ satisfies

Assumption (★) if
∀𝐶 > 0, ℎ (𝐶𝑥) =𝑂 (ℎ (𝑥)).

Themotivation for this strategy comes from the following result, due to Silva. In the upcoming
result (Proposition A.2), we will use themain idea of its proof.

Proposition A.1 ([Sil24]). Let𝐻 be an infinite non co-Hopfian group. Then, for any finite group 𝐹 ,
Shuffler(𝐻 ) has a subgroup isomorphic to 𝐹 ≀𝐻 .
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Recall that a group𝐻 is co-Hopfian if any injectivemorphism𝐻 −→ 𝐻 is also surjective. Equiv-
alently, a group is co-Hopfian if it has no proper subgroup isomorphic to itself.
Many amenable groups are known to be non co-Hopfian, including:

• ℤ𝑑 , 𝑑 ≥ 1, andmore generally any finitely generated abelian group;
• Some torsion-free nilpotent groups, such as the Heisenberg group over the inte-
gers [Corn16];

• Solvable Baumslag-Solitar groups BS(1, 𝑛), 𝑛 ≥ 1 [NP11];
• Wreath products𝑁 ≀𝐺 where at least one of the two groups is not co-Hopfian [BFF24];
• Houghton’s groups𝐻𝑛 , 𝑛 ≥ 2 [BCMR16];
• The Grigorchuk’s group [Lys85].

In the non-amenable side, they also include for instance non-abelian free groups [dlH00] or
right-angled Artin groups [Cas16].
Thus, using Theorem2.2, it directly follows that for𝐻 an amenable andnon co-Hopfian group,

one has already
𝑗𝑝,Shuffler(𝐻 ) (𝑥) ≼ 𝑗1,𝐻 (ln(𝑥))

when 𝑗1,𝐻 satisfies Assumption (★).
In fact, we can derive from Silva’s proof the followingmore general result.

Proposition A.2. Let 𝐻 be a group. If 𝐾 is a proper subgroup of 𝐻 , then Shuffler(𝐻 ) contains a
subgroup isomorphic to FSym( [𝐻 : 𝐾 ]) ≀ 𝐾 .

Proof. Denote [𝐻 : 𝐾 ] ··= 𝑚 ∈ {2, 3, . . . } ∪ {∞}, and let 𝑆 ⊂ 𝐻 be a set of representatives of𝐻 /𝐾 ,
so that |𝑆 | =𝑚 and we have a partition

𝐻 =
⊔
𝑘 ∈𝐾

𝑘𝑆.

Consider then
𝐺 ··= {(𝜎,ℎ) ∈ Shuffler(𝐻 ) : ℎ ∈ 𝐾 , 𝜎 (𝑘 ′𝑆) = 𝑘 ′𝑆 for all 𝑘 ′ ∈ 𝐾 }.

It is not hard to check that 𝐺 is a subgroup of Shuffler(𝐻 ), and given 𝜎 ∈ FSym(𝐻 ) satisfying
𝜎 (𝑘 ′𝑆) = 𝑘 ′𝑆 for all 𝑘 ′ ∈ 𝐾 , we can define amap

𝑓𝜎 :
𝐾 −→ FSym(𝑚)
𝑘 ↦−→ (𝑘 −1 · 𝜎)

��
𝑆

.

Then, a direct computation shows that 𝑓𝑘 ·𝜎 = 𝑘 · 𝑓𝜎 and 𝑓𝜎◦𝜏 = 𝑓𝜎 𝑓𝜏 for any 𝑘 ∈ 𝐾 and any 𝜎,𝜏 ∈
FSym(𝐻 ) satisfying 𝜎 (𝑘 ′𝑆) = 𝑘 ′𝑆 for all 𝑘 ′ ∈ 𝐾 . This implies that themap

𝐺 −→ FSym(𝑚) ≀ 𝐾
(𝜎,ℎ) ↦−→ ( 𝑓𝜎 , ℎ)

is a group isomorphism. This concludes the proof. □

Therefore, one recovers Corollary 5.5 for lampshufflers:

Corollary A.3. Let 𝑝 ≥ 1. Let𝐻 be an amenable finitely generated group with a finitely generated
proper subgroup 𝐾 such that 𝑗𝑝,𝐻 (𝑥) ≃ 𝑗𝑝,𝐾 (𝑥). If 𝑗1,𝐻 satisfies Assumption (★), then one has

𝑗𝑝,Shuffler(𝐻 ) (𝑥) ≼ 𝑗𝑝,𝐻 (ln(𝑥)).

The corollary applies of course to any non co-Hopfian group, but beyond, also to any finitely
generated group𝐻 having at least one finite-index subgroup𝐾 . One algebraic criterion to ensure
the latter is to be non-perfect.

Definition A.4. Let 𝐻 be a group. We say that 𝐻 is perfect if [𝐻 ,𝐻 ] = 𝐻 , where [𝐻 ,𝐻 ] is the
commutator subgroup of𝐻 .
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Examples of perfect groups include finite alternating groups 𝐴𝑛 for 𝑛 ≥ 5 and linear groups
SL(𝑛, 𝐾 ) for 𝑛 ≥ 3 and non-commutative fields 𝐾 . Among the three Thompson’s groups 𝐹 ⊂ 𝑇 ⊂
𝑉 ,𝑇 and𝑉 are simple, thus perfect, as well as the commutator subgroup [𝐹 , 𝐹 ] of 𝐹 [CFP96].
As mentioned above, we are in fact more interested in groups that are not perfect, due to the

next statement.

Lemma A.5. Let𝐻 be a finitely generated group which is not perfect. Then𝐻 has a proper finite-
index subgroup.

Proof. As𝐻 is not perfect, [𝐻 ,𝐻 ] is a proper subgroup and the quotient𝐻 /[𝐻 ,𝐻 ] is a non-trivial
abelian finitely generated group. It has therefore a proper finite-index subgroup, and lifting the
latter provides a proper finite-index subgroup for𝐻 , that contains [𝐻 ,𝐻 ]. □

On the amenable side, the class of non-perfect groups is huge. It includes for instance
• All solvable groups, in particular nilpotent and polycyclic groups;
• Lamplighters, lampshufflers and lampjugglers over amenable non-perfect groups;
• More generally, any semi-direct product 𝑁 ⋊ 𝑄 where 𝑁 and 𝑄 are amenable and 𝑄 is
non-perfect, as well as any subgroup of𝑁 ⋊𝑄 ;

• Houghton’s groups𝐻𝑛 , 𝑛 ≥ 2.

Henceforth, for an amenable non-perfect group 𝐻 , Corollary A.3 directly provides an upper
bound on the ℓ𝑝-isoperimetric profiles of Shuffler(𝐻 ).
We emphasize here that Corollary A.3 can also cover cases that are not covered by Proposi-

tion A.1, since they are indeed examples of finitely generated torsion-free nilpotent groups that
are co-Hopfian [Bel03].
It is also worth mentioning that there do exist amenable perfect groups. Such groups have

been constructed by Juschenko and Monod in [JM13], and are even simple. Thus Corollary A.3
do not apply to them, and on the other hand it seems to be an open problem whether they are
co-Hopfian or not; see the list of open questions in [Corn14]. Note also that we do not know the
asymptotic behaviour of the isoperimetric profiles of these groups.

Remark A.6. As pointed out above, lampshuffler groups over non-perfect groups are themselves
non-perfect. This simply follows from the set inclusions

[Shuffler(𝐻 ), Shuffler(𝐻 )] ⊂ FSym(𝐻 ) × [𝐻 ,𝐻 ] ⊊ Shuffler(𝐻 ).

In fact, it is true more generally that a lampshuffler Shuffler(𝐻 ) over a non-trivial group 𝐻 is
never perfect, regardless of the perfectness of𝐻 . Indeed, since the action of𝐻 on FSym(𝐻 ) pre-
serves the parity of the permutations, the commutator subgroup of Shuffler(𝐻 ) is contained in
A(𝐻 ) × [𝐻 ,𝐻 ], whereA(𝐻 ) ⊂ FSym(𝐻 ) is the set of even permutations. SinceA(𝐻 ) is not equal
to FSym(𝐻 ) if |𝐻 | ≥ 3, and since [𝐻 ,𝐻 ] is trivial if |𝐻 | = 2, we thus see that Shuffler(𝐻 ) is not equal
to its commutator subgroup.

Lastly, regarding lampshufflers, non co-Hopficity can also be used to deduce the isoperimetric
profile of iterated lampshufflers, since it is stable under iteration of lampshufflers:

Proposition A.7. If𝐻 is not co-Hopfian, then Shuffler(𝐻 ) is not co-Hopfian.

Proof. If𝐻 is not co-Hopfian, fix an injective morphism𝜓 : 𝐻 −→ 𝐻 which is not surjective, and
define themap

𝜑 :
Shuffler(𝐻 ) −→ Shuffler(𝐻 )

(𝜎, 𝑔 ) ↦−→ (𝜎,𝜓 (𝑔 ))

40



CORENTIN CORREIA, VINCENT DUMONCEL

where, for any 𝜎 ∈ FSym(𝐻 ), 𝜎 ∈ FSym(𝐻 ) is defined as

𝜎 :

𝐻 −→ 𝐻

𝑔 ↦−→
{
𝜓 (𝜎 (𝜓−1(𝑔 ))) if 𝑔 is in the image of𝜓
𝑔 otherwise

.

Then one checks directly that the correspondence 𝜎 ↦−→ 𝜎 is well-defined and that the following
two properties hold:

(i) 𝜎 ◦ 𝜏 = 𝜎 ◦ 𝜏 for any 𝜎,𝜏 ∈ FSym(𝐻 );
(ii) 𝑝 · 𝜎 =𝜓 (𝑝) · 𝜎 for any 𝑝 ∈ 𝐻 and 𝜎 ∈ FSym(𝐻 ).

These two points imply that 𝜑 is a morphism, which is injective since𝜓 is, and which is not sur-
jective since𝜓 is not. □

Going further, it is alsonatural to askwhether these algebraic assumptionsarepreservedunder
iteration of other halo products. First, it is immediate that a halo product over a non-perfect
group is not perfect, since the definition of the product law ofℒ𝐻 directly gives

[ℒ𝐻 ,ℒ𝐻 ] ⊂ 𝐿 (𝐻 ) × [𝐻 ,𝐻 ] ⊊ ℒ𝐻 ,

as we pointed out in Remark A.6, in the special case of lampshufflers. In this remark, we also
pointed out that lampshufflers were in fact never perfect, using the parity of the permutations,
which is invariant by the actionof the base group. Thus, for a general halo groupℒ𝐻 , it is enough
to find a non-trivial morphism from 𝐿 (𝐻 ) to an abelian group, which is invariant by the action of
the base group. For instance, for lampcloners, we can use the determinant of linear maps.
Regardingpreservationof non-co-hopficity under iterations of haloproducts, we canonly find

proofs in concrete examples. For lampcloners, we can adapt the above proof for lampshufflers.
Indeed, let us first note that a group morphism𝜓 : 𝐻 −→ 𝐻 gives rise to a linear automorphism
𝜓 : 𝑉𝐻 −→ 𝑉𝐻 , by permuting the vector of the canonical basis given by𝐻 , and if𝜓 is injective but
not bijective, then so is𝜓 . Finally, it remains to define themap

𝜑 :
Cloner𝕗 (𝐻 ) −→ Cloner𝕗 (𝐻 )

(𝜎, 𝑔 ) ↦−→ (𝜎,𝜓 (𝑔 ))
where, for any 𝜎 ∈ FGL(𝐻 ), 𝜎 ∈ FGL(𝐻 ) is defined as

𝜎 :

𝑉𝐻 −→ 𝑉𝐻

𝑣 ↦−→
{
𝜓 (𝜎 (𝜓−1(𝑣 ))) if 𝑣 ∈ 𝑉𝐻 is in the image of𝜓
𝑣 otherwise

,

and to check that 𝜑 an injective, but not bijective, groupmorphism.
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